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ABSTRACT 


This  handbook  on  the  motion  of  ballistic  missiles 
has  been  prepared  primarily  for  use  in  training  new  per¬ 
sonnel  charged  with  the  responsibility  of  evaluating  the 
performance  of  reentry  bodies.  Aerodynamic  fundamen¬ 
tals  and  characteristics  of  the  atmosphere  are  reviewed 
briefly,  followed  by  discussions  of  the  effects  on  ballistic 
missile  motion  of  gravity,  earth  rotation,  the  atmosphere, 
and  initial  body  rates.  The  anomalous  motion  resulting 
from  various  types  of  mass  and/or  aerodynamic  asym¬ 
metries  is  discussed  in  detail.  Simple  solutions  are 
given  for  the  Impact  dispersion  resulting  from  asymme¬ 
tries  and  nonstandard  meteorological  characteristics  at 
the  impact  location.  Various  trajectory  simulations  and 
flight  test  analyses  are  also  discussed.  Numerical  ex¬ 
amples  illustrate  the  material. 


-  ill  - 


TH(  JOHN*  HOMK«  UMIV«W«TV 

applied  PHYSICS  LABORATORY 

glbV"  »Min«  MA»fL*Nt> 


ABSTRACT 


This  handbook  on  the  motion  of  ballistic  missiles 
has  been  prepared  primarily  for  use  In  training  new  per¬ 
sonnel  charged  with  the  responsibility  of  evaluating  the 
performance  of Reentry  bodies.  Aerodynamic  fundamen¬ 
tals  and  characteristics  of  the  atmoaph-  re  are  reviewed  _ 
briefly  followed  by  discussions  of  the  effects  on  ballistic 
nrlaalle  nmUon  of  gravity,  earih  rotation,  the 
and  initial  body  rates.  The  anomalous  motion  resulting 
?rom  various  types  of  mass  and/or  aerodynamic  asym¬ 
metries  is  discussed  in  detail.  Simple  solutions  are 
civen  for  the  impact  dispersion  resulting  from  asymme- 
£tes  Ind  nonstandard  meteorological  character  sties  at 
the  impact  location.  Various  trajectory  simulations  and 
flight  test  analyses  are  also  discussed.  Numerical 
ample s  illustrate  the  material. 
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1.  INTRODUCTION 
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The  term  ballistic  missile  as  used  herein  describes 
any  body  in  motion  that  is  unpowered  and  uncontrolled.  The 
motion  may  occur  in  either  the  atmosphere  or  the  exoatmo¬ 
sphere.  However,  most  of  the  interesting  motion  phe¬ 
nomena  occur  within  the  atmosohere,  and  most  of  the  dis¬ 
cussions  concern  reentry-type  vehicles  entering  the  atmo¬ 
sphere  at  speeds  from  10  000  to  25  000  ft/sec. 

The  primary  purpose  of  this  report  is  to  present 
material  suitable  for  training  new  personnel  charged  with 
the  responsibility  of  evaluating  the  performance  of  reentry 
bodies;  therefore,  the  subject  matter  is  treated  as  simply 
as  possible  while  retaining  enough  detail  to  explain  the 
missile  behavior.  Although  the  material  is  written  pri¬ 
marily  for  personnel  unfamiliar  with  the  detai’s  of  missile 
motion,  it  provides  experienced  personnel  with  readily 
available  equations  suitable  for  estimating  order-of-mag- 
nitude  effects  of  phenomena  frequently  encountered  in  flight 
test  analysis,  performance,  and  preliminary  design  work. 

A  brief  discussion  ot  the  aerodynamic  character¬ 
istics  of  missiles  and  the  nature  of  the  atmosphere  is  fol¬ 
lowed  by  a  discussion  of  vehicle  motion  as  affected  by 
gravity,  earth  rotation,  the  atmosphere,  and  initial  body 
rates.  Also  included  is  a  detailed  discussion  of  the  anoma¬ 
lous  motion  resulting  from  various  types  of  mass  and  aero¬ 
dynamic  asymmetries.  Simple  solutions  are  given  for  the 
impact  dispersion  resulting  from  asymmetries  and  non¬ 
standard  meteorological  characteristics  at  the  impact 
location.  Simulations  required  for  various  types  of  studies 
and  flight  test  analysis  complete  the  subjects  discussed. 
Numerical  examples  illustrate  the  material  presented. 

In  some  sections  (particularly  parts  of  Section  4) 
the  material  is  new  and  is  given  In  considerable  detail. 

Since  some  readers  may  not  be  interested  in  details,  a 
summary  of  the  material  covered  and  the  major  conclu¬ 
sions  derived  is  given  at  the  beginning  of  each  section 
(each  subsection  for  Section  4). 
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An  attempt  was  made  to  use  symbols  and  units  of 
measure  currently  used  by  specialists  in  the  various 
fields  covered  in  this  report,  Asa  result,  a  particular 
symbol  may  have  different  definitions  in  various  sections. 

A  complete  list  of  symbols  is  given  at  the  beginning  of  each 
section  (each  subsection  for  Section  4),  and  conversion 
factors  for  units  of  measure  are  given  in  Section  8. 
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SYMBOLS  FOR  SECTION  2 


Symbol 


\ 

C 

c 


A 

A 


B 


c.  g. 


m 


m 


m 


m 


a 


N 

CN 

a 

c.  p. 


D 

D 

d 

K 

L 


Definition 
axial  force 

axial  force  coefficient 
base  drag  coefficient 

friction  drag  coefficient 

pressure  drag  coefficient 

refers  to  center  of  gravity 
rolling  moment  damping  coefficient 

pitching  moment  coefficient 
pitching  moment  coefficient  at  o  s  0 

pitching  moment  damping  coefficient 

dC  /do  at  S  =  0 
m 

normal  force  coefficient 
dC^/da  at  a  =  0 

refers  to  center  of  pressure 
total  drag 

drag  resulting  from  skin  friction 

reference  diameter 

Knudsen  number  (see  Eq.  (2-7)) 

lift 

or 

body  length 


Typical  Units 
pounds 


pounds 

pounds 

feet 

pounds 

feet 


Preceding  page  blank 
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Symbol 

Definition 

Typical  Units 

L(p) 

rolling  moment  resulting  from  roll 
rate  (roll  damping  moment) 

lb-ft 

fl 

moment  arm  for  asymmetric  force 

feet 

M 

Mach  number  -  V f\jyRT 
or 

pitching  moment 

lb-ft 

M(q> 

pitching  moment  resulting  from  pitch 
rate  (pitch  damping  moment) 

lb-ft 

N 

normal  force 

pounds 

N  n 
aay 

normal  force  resulting  from  an 
asymmetry 

pounds 

N 

s 

normal  force  for  a  symmetrical 
vehicle 

pounds 

P 

ambient  pressure 

lb/ ft2 

Pc 

cone  surface  pressure 

lb/ft2 

PF 

flap  surface  pressure 

lb  /ft2 

P 

roll  rate 

rad/sec 

q 

pitch  rate 

rad/sec 

q 

2 

dynamic  pressure,  (y/2)PM  or 
<l/2)pV2 

lb /ft2 

R 

gas  constant  =  1 71  6 

ft2/sec2  -  °R 

R 

e 

Reynolds  number,  oVL/jj  =  VL/v 

- 

S 

reference  area 

ft2 

S.M. 

static  margin 

- 

S 

w 

surface  area  excluding  the  base  area 

ft2 

T 

absolute  ambient  air  temperature 

6R 

T 

0 

reference  temperature  for  viscosity 

°R 

V 

vehicle  velocity 

ft/sec 
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Symbol 

Definition 

Typical  Units 

X 

distance  from  nose  to  a  point  on  the 

body  centerline 

feet 

X 

c.  g. 

distance  from  vehicle  nose  to  the  e.  g. 

feet 

Xc.p. 

distance  from  vehicle  nose  to  the  c.  p. 

feet 

AX 

X  -  X 

c.p.  c.  g. 

feet 

Y 

distance  normal  to  the  body  surface 

feet 

« 

vehicle  total  angle  of  attack 

radians 

“l 

local  angle  of  attack 

radians 

y 

ratio  of  specific  heats  -1,4 

- 

t 

cone  half-angle 

radians 

€ 

asymmetry  deflection  angle 

radians 

P 

ambient  air  density 

slug/ft3 

P 

dynamic  viscosity 

slug/ft-sec 

dynamic  viscosity  at  Tq 

slug/ft-sec 

n 

V 

kinematic  viscosity 

ft  /sec 

T 

shear  stress 

lb /ft2 

A6 

body  bend  angle 

degrees 
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SUMMARY  AND  CONCLUSIONS 


The  aerodynamic  forces  of  Interest  for  reentry 
body  studies  are  discussed.  The  significance  of  the  aero¬ 
dynamic  coefficients  is  reviewed,  and  equations  are  pre¬ 
sented  for  estimating  the  magnitude  of  the  coefficients 
for  a  sharp-nosed  conical  body.  Several  types  of  asym¬ 
metric  cones  arc  also  considered.  Numerical  examples 
are  given  for  a  10°  semianglo  cone  having  a  length  of  10 
feet. 


The  major  conclusions  are: 

1.  The  following  aerodynamic  forces  and  moments 
are  important  in  the  analysis  of  motion  of  n  typical  reentry 
body: 

•  Force  perpendicular  to  tho  body  centerline 
(normal  force)  and  resulting  moment  about 
the  body  center  of  gravity  (pitching  moment) 

•  Force  parallel  to  the  body  centerline  (axial 
force) 

•  Moments  resulting  by  virtue  of  body  pitch, 
yaw,  or  roll  rotational  rate  (pitch,  yaw,  or 
rol1  damping  moments) 

•  Forces  and/or  moments  resulting  from  body 
asymmetries. 

2.  For  uncontrolled  vehicles,  it  is  important  that 
the  normal  force  act  through  a  point  (center  of  pressure) 
aft  of  the  center  of  gravity.  In  this  case  the  vehicle  is 
said  to  be  statically  stable.  The  ratio  of  the  distance  be¬ 
tween  the  center  of  gravity  and  the  center  of  pressure  to 
some  characteristic  body  dimension  (for  example,  length) 
is  called  the  stability  margin  and  is  usually  expressed  as 
a  percentage  of  the  characteristic  length, 

2.  The  aerodynamic  forces  and  moments  are  repre¬ 
sented  by  dimensionless  coefficients,  thereby  facilitating 
evaluation  of  the  forces  and  momentB  over  a  wide  varia¬ 
tion  In  environmental  parameters  (velocity,  altitude,  etc.  ), 

Preceding  page  blank 
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4.  In  general,  the  coefficients  are  functions  of 
vehicle  angle  of  attack  and  the  similarity  factors,  Mach 
number  -  an  Indication  of  the  effect  of  compressibility  of 
the  air,  Reynolds  number  —  an  indication  of  the  nature  of 
the  boundary  layer  on  the  vehicle,  and  the  Knudsen  num¬ 
ber  —  an  indication  of  the  size  of  the  vehicle  relative  to 
the  mean  free  path  of  the  ambient  air  particles. 


-  12  - 


tHf  JOHN!  HOPNINI  UNIVIMITY 

APPLIED  PHY6IC6  LABORATORY 

»nv»«  l»i>g  Mfct.YL.N0 


2.  1  Aerodynamic  Forces 

A  body  moving  through  air  experiences  forces  — 
aerodynamic  forces  -  resulting  from  the  motion.  The 
aerodynamic  forces  of  interest  for  a  reentry  vehicle  are; 

1.  Axial  force, 

2.  Normal  force, 

3  t3itch  damping  force, 

.  ‘toll  damping  force. 

The  axial  force  (for  a  symmetrical  vehicle)  acts 
along  the  body  centerline  as  shown  in  the  sketch  for  a  cone. 


N 


This  force  is  produced  primarily  by  relatively  high  pres- 
sure  acting  on  the  conical  surface  (pressure  drag)  and 
relatively  low  pressure  acting  on  the  cone  base  (base  drag). 
In  addition,  a  force  produced  by  air  viscosity  (skin  fric¬ 
tion  drag)  exists  on  the  conical  surface. 

A  normal  force  (normal  to  the  body  centerline) 
exists  when  the  body  centerline  is  not  directed  along  the 
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velocity  vector,  The  angle  between  the  velocity  vector 
and  the  body  centerline  Is  called  the  angle  of  attack,  a. 

The  normal  force  results  from  high  pressure  acting  on 
the  windward  aide  of  the  body  compared  to  low  pressure 
acting  on  the  leeward  side.  The  integration  of  this  pres¬ 
sure  difference  over  the  cone  surface  is  the  normal  force. 
The  pressure  differential  across  the  body  also  produces  a 
moment  about  the  body  center  of  gravity.  For  convenience 
in  analysis,  this  aerodynamic  moment  is  computed  as  the 
product  of  the  normal  force  and  a  moment  arm  (Xc<  - 
XU|  g,  ).  where  Xc  p  ts  the  longitudinal  location  at  which 
the  total  normal  force  acts  and  is  called  the  center  of 
pressure  and  XC)  g_  is  the  longitudinal  location  of  the  cen¬ 
ter  of  gravity.  Assume  that  a  vehicle  has  its  center  of 
pressure  forward  of  the  center  of  gravity  and  that  some 
disturbance  causes  an  Initial  angle  of  attack.  This  angle 
of  attack  results  in  a  normal  force.  Since  the  normal 
force  is  forward  of  the  center  of  gravity,  the  aerodynamic 
moment  produced  is  in  a  direction  to  increase  the  angle  of 
attack.  This  process  continues,  and  the  missile  eventually 
tumbles.  Similar  reasoning  will  show  that,  for  a  center 
of  pressure  located  aft  of  the  center  of  gravity,  the  aero¬ 
dynamic  moment  will  always  tend  to  cancel  a  perturbation 
in  ot.  Therefore,  a  vehicle  having  a  center  of  pressure 
forward  of  the  center  of  gravity  is  said  to  be  statically 
unstable;  a  vehicle  having  a  center  of  prossure  aft  of  the 
center  of  gravity  is  said  to  be  statically  stable.  The  value 
of  the  ratlo(XCtp>  -  XC  g  )/L  =  AX/ L  is  called  the  static 
margin.  The  margin  must  be  positive  for  uncontrolled 
vehicles  and  for  high  performance  vehicles  is  usually  3% 
to  5%. 


The  use  of  the  word  "normal"  to  define  the  force 
In  the  plane  of  a  and  perpendicular  to  the  body  centerline 
is  used  here  to  be  consistent  with  the  usual  terminology 
found  In  the  literature.  It  Is  hoped  that  there  will  be  no 
confusion  with  telemetry  terminology  where  "normal1 
force  and  "lateral"  force  are  the  two  components  of  the 
normal  force  as  defined  above.  In  an  nttempt  to  avoid 
confusion,  in  some  sections  of  this  report  we  have  used 
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the^term  "transverse"  force  to  mean  the  force  in  the  plane 
of  a  and  perpendicular  to  the  body  centerline. 

The  pitch  and  roll  damping  forces  exist  by  virtue 
of  the  body  pitch  and  roll  rates,  respectively,  and  there¬ 
fore  are  called  dynamic  forces.  Consider  a  body  pitching 
about  its  center  of  gravity  with  rotational  velocity,  q,  The 
pitching  motion  produces  a  local  velocity  at  X  equal  to 
(X  -  XCi  gt  )q.  The  distribution  of  velocity  along  the  body 
Is  uhownln  the  sketch. 


The  local  velocity  distribution  produces  a  local 
angle  of  attack,  e/p  whose  magnitude  is  given  by  the  equa¬ 
tion: 


tan  ft, 
l 


sb  a. 


(2-1) 


The  local  angle  of  attack  results  In  a  local  normal 
force  which,  at  all  points  along  the  body,  tends  to  resist 
the  pitching  motion,  The  integral  of  the  local  forces  (the 
damping  force)  is  too  small  to  be  of  significance  in  ballis¬ 
tic  missile  analyses.  However,  the  damping  moment, 
which  is  the  integral  of  the  local  forces  multiplied  by  their 
moment  arms,  is  very  important  in  some  portions  of  the 
trajectory  as  will  be  shown  later. 
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The  example  cited  above  is  just  one  type  of  damping 
effect.  Any  force  that  exLsts  by  virtue  of  the  pitch  rate  Is 
a  pitch  damping  force,  and  these  forces  do  not  always  re¬ 
sist  body  pitch  motion.  The  forces  that  do  resist  the  pitch 
motion  are  said  to  be  stable  forces  (or  momenta),  and 
those  that  roinforee  the  pitch  motion  are  said  to  be  un¬ 
stable  forces  (or  moments). 


The  only  roll  damping  force  on  a  symmetrical  body 
of  revolution  is  the  force  produced  by  the  viscosity  of  the 
air  (skin  friction).  This  force  always  tends  to  retard  the 
roll  rate. 

Ideally,  it  would  be  desirable  to  calculate  the  aero¬ 
dynamic  forces  accurately  by  theoretical  means.  However, 
this  is  not  always  possible,  and  it  is  necessary  to  mea¬ 
sure  the  forces  in  ground  tests  by  blowing  air  past  a  fixed 
body  (wind  tunnel),  or  by  propelling  the  body  through  a 
stationary  Instrumented  region  (ballistic  range),  or  some¬ 
times  by  using  a  combination  of  both  techniques.  Economi¬ 
cally  it  la  not  possible  to  obtain  measurements  on  the 
actual  vehicle  for  actual  reentry  conditions  of  ambient 
pressure,  temperature,  velocity,  etc.  To  circumvent 
this  difficulty,  the  aerodynamicist  defines  the  forces  end 
moments  in  terms  of  aerodynamic  coefficients  which  apply 
over  a  wide  range  of  environmental  conditions.  The  follow¬ 
ing  coefficients  are  of  interest  in  the  study  of  reentry  body 
motion: 


A  » CAqS 

(2-2) 

N  -  CNqS 

(2-3) 

M(q)-Cm  (5 

q 

(2-4) 

L<P>  .  c 

n  ' 

■j  qSd 

(2-5) 
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whore  q  w  (l/2)pV^  =  (y/2)PM“  ami  is  called  dynamic  pres¬ 
sure,  The  bar  over  the  q  Is  deleted  in  some  sections  of 
this  report  where  there  is  no  possible  confusion  between 
the  symbols  for  pitch  rate  and  dynamic  pressure.  The 
reference  dimensions  S  and  d  may  be  any  convenient 
dimensions.  For  a  cone,  they  are  usually  taken  as  the 
base  area  and  base  diameter,  anti  these  reference  dimen¬ 
sions  will  be  ust'd  m  the  examples. 

From  dimensional  analysts,  it  may  he  shown  that 
for  a  given  n  the  aerodynamic  coefficients  C^,  (and 
Xc.  p. Cmc  ,  and  may  be  obtained  from  tests  using 

n  geometrically  similar  model  (external,  shape)  provided 
certain  model  similarity  factors  are  the  same  as  thoBe 
for  the  actual  vehicle.  The  major  similarity  factors  of 
interest  for  the  reentry  body  arc: 

Mach  number, 

Reynolds  number, 

Knudsen  number. 

The  Mach  number  Is  the  ratio  of  the  vehicle 
velocity  (V)  to  the  velocity  of  a  sound  wave  (VylTT).  There 
are  four  significant,  Mach  number  regimes.  At  subsonic 
speeds  (Ma  0  to  0.  11),  the  aerodynamic  coefficients  are 
weakly  dependent  upon  M.  The  transonic  Mach  number 
regime  extends  from  the  Mach  number  at  which  a  local 
Mach  number  over  the  body  first  becomes  sonic  (M|  =  1) 
to  the  Mach  number  at  which  the  flowfleld  over  the  body 
is  predominantly  supersonic.  This  Mach  number  range 
extends  from  about  0.  11  to  1.  Fi.  The  local  supersonic 
speed  results  in  the  appearance  of  shock  waves,  The 
strength  and  location  of  the  waves  are  highly  sensitive  to 
changes  in  Mach  number.  Therefore,  In  the  transonic 
speod  range,  the  aerodynamic  coefficients  are  usually 
sensitive  to  change  in  M.  In  the  supersonic,  speed  range 
(Mdsl.5  to  6),  the  shock  wnve  strength  is  dependent  upon 
Mach  number  but.  the  shock  location  is  somewhat  insensitive 
to  changes  in  Mach  number  so  that  the  aerodynamic  coeffi¬ 
cients  are  moderately  dependent  upon  M.  The  effect  of 
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aerodynamic  heating  la  moderate  In  the  supersonic  speed 
range.  At  hypersonic  speeds  {M  >  6),  the  aerodynamic 
coefficients  tend  to  be  relatively  insensitive  to  M  and 
aerodynamic  heating  is  severe. 

The  Reynolds  number,  oVL/ji  =  VLlv,  Is  indica¬ 
tive  of  the  importance  of  the  dynamic  viscosity  of  the  air, 
u  (or  kinematic  viscosity  p),  As  a  result  of  viscous 
forces,  a  region  of  low  velocity  is  produced  in  the  vicinity 
of  the  body.  In  fact,  for  continuum  flow  (discussed  below) 
the  velocity  of  the  air  relative  to  the  vehicle  is  zero  at  the 
vehicle  surface.  The  region  of  degraded  velocity  is  called 
the  boundary  layer.  Since  the  layer  of  air  adjacent  to  the 
body  "sticks"  to  the  surface,  a  shear  stress,  r,  or  an 
element  of  friction  drag,  dD,  results,  tending  to  reduce 
the  velocity  of  the  vehicle, 


V  (NORMAL  TO  SURFACE) 


The  total  friction  drag  is  given  by: 


D 


F 


(2-6) 


Therefore,  the  viscous  drag  is  proportional  to  the  dynamic 
viscosity  and  the  velocity  gradient  at  the  wall.  The  vis¬ 
cosity  is  very  nearly  a  function  of  air  temperature  only 
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and  Is  given  by  Sutherland's  equation  plotted  in  Figs.  2-1 
and  2-2,  The  velocity  gradient  is  a  strong  function  of  the 
Reynolds  number.  At  very  high  Reynolds  numbers,  the 
flow  in  the  boundary  layer  contains  much  eddy  or  vortical 
motion.  As  a  result  of  mixing,  the  high  energy  air  near 
the  outer  portion  of  the  flow  is  transported  in  toward  the 
surface,  Since  the  layer  of  air  adjacent  to  the  wall  stickB 
to  the  surface,  this  type  of  boundary  layer  has  a  very 
large  velocity  gradient  at  the  surface  and  the  skin  friction 
is  relatively  high.  This  type  of  boundary  layer  is  called 
a  turbulent  boundary  layer.  At  sufficiently  low  Reynolds 
numbers,  the  eddy  motion  within  the  boundary  layer  dis¬ 
appears,  and  the  velocity  gradient  at  the  wall  and  skin 
friction  become  much  less  than  those  for  the  turbulent 
case.  This  type  of  boundary  layer  is  called  a  laminar 
boundary  layer.  At  low  Reynolds  numbers  the  flow  tends 
to  be  laminar;  at  high  Reynolds  numbers  the  flow  tends  to 
be  turbulent.  The  Reynolds  number  at  which  transition 
from  laminar  to  turbulent  flow  occurs  varies  with  body 
shape  and  type  of  trajectory.  A  typical  value  of  Re  at 
which  transition  begin"  to  occur  on  a  slender  conical  body 
is  107. 


The  surface  heating  rate  is  proportional  to  the  skin 
frictioi  and  therefore  is  greater  for  turbulent  flow  than 
for  laminar  flow.  In  fact,  the  heating  rate  in  turbulent 
flow  may  be  nearly  an  order  of  magnitude  greater  than 
that  for  laminar  flow. 

The  Knudsen  number  is  the  ratio  of  the  mean  free 
path  of  the  ambient  air  particles  to  a  characteristic  dimen¬ 
sion  of  the  reentry  vehicle.  This  ratio  maybe  expressed 
in  terms  of  Re  and  M  by  the  relation: 

K  =  ■— ^9— M-  .  (2-7) 

e 

For  the  very  low  values  of  density  that  exist  early 
in  the  reentry  phase,  the  particles  of  air  are  spaced  at 
distances  that  are  large  compared  to,  say,  the  body  length 
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or  diameter.  An  air  particle  bouncing  off  the  body  is  not 
likely  to  encounter  another  air  particle.  This  region  of 
flow  is  called  the  free  molecular  flow  regime.  At  a  some¬ 
what  lower  altitude,  the  air  particles  have  frequent  colli¬ 
sions  with  other  air  particles  in  the  vicinity  of  the  reentry 
body.  However,  there  are  insufficient  particles  in  the 
film  of  air  adjacent  to  the  body  surface  to  cause  it  to 
stick  to  the  surface.  Therefore,  although  a  boundary 
layer  exists,  the  film  of  air  adjacent  to  the  wall  '  slides" 
along  the  body  surface,  This  flow  regime  is  called  the 
slip  flow  regime.  At  still  higher  densities,  the  air  par¬ 
ticles  at  the  surface  stick  to  the  surface.  This  flow  regime 
is  called  the  continuum  flow  regime. 

The  characteristics  of  the  aerodynamic  forces  and 
surface  heating  depend  upon  the  type  of  flow  that  exists 
on  the  body.  There  are  no  sharp  boundaries  between  the 
various  types  of  flow,  but  approximate  boundaries  are  as 
follows: 


Continuum  to  slip 


*  10 


-2 


Slip  to  transition 


10 


-1 


Transition  to  free  molecular  -  *«  10  , 


The  transition  regime  considered  here  is  a  transition  in 
basic  flow  regimes  which  occurs  at  Knudsen  numbers  of 
approximately  unity.  This  transition  should  not  be  con¬ 
fused  with  transition  from  laminar  to  turbulent  flow  in  the 
boundary  layer. 

The  Mach  number,  boundary  layer,  and  basic  fluid 
flow  regimes  are  shown  for  a  typical  reentry  body  in  Fig. 
4-21,  page  260.  Note  that  practically  all  the  reentry 
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phenomena  for  which  aerodynamic  data  are  required  occur 
In  the  continuum  flow  regime;  only  this  regime  will  be  con¬ 
sidered  In  the  remainder  of  this  report. 

Sometimes  the'  lift  and  drag  components  of  the 
aerodynamic  force  are  required  for  analysis.  The  rela¬ 
tionship  between  the  lift-drag  system  of  forces  and  the 
normal  force-axial  force  system  is  shown  in  the  sketch. 


From  this  force  diagram,  the  lift  and  drag  coeffi¬ 
cients  may  be  obtained  from  the  following  equations: 

cos  a  -  CA  sin  a  (2-B) 

Cq  =  CA  cos  ft  +  sin  ft  ( 2-f) ) 


Differentiating  Eq.  (2-8)  with_respect  to  <y,  and  noting 
that  the  variation  of  with  ft  is  small,  the  slope  of  the 
lift  curve  at  ft  =  0  is  given  by  the  equation: 
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2,  2  General  Characteristics 


It  is  beyond  the  scope  of  this  report  to  provide  pro- 
eeduros  for  estimating  the  aerodynamic  coefficients  for  n 
body  of  arbitrary  shape,  However,  a  few  remarks  on  the 
general  behavior  of  the  coefficients  are  given  in  this  sec¬ 
tion,  and  approximate  equations  applicable  to  a  sharp  nosed 
cone  are  given  in  Section  2,  d. 

Axial  Force.  For  most  bodies  of  interest,  the 
axial  force  coefficient  is  weakly  dependent  upon  a  for 
small  values  of  rv  (1°  to  2°),  strongly  dependent  upon  M, 
and  moderately  dependent  upon  Re.  For  a  sharp  slender 
cone,  the  order  of  magnitude  of  is  0,  1. 


Normal  Force.  The  normal  force  coefficient  is 
strongly  dependent  upon  tv  and  M  and  nearly  independent 


of  Rtv  For  small  values  of  ry,  C 
so  that  C^  =  Cm  ry. 
per  radian. 


'a 


N  varies  linearly  with  a 

2 


For  a  sharp  slender  cone, 


Center  of  Pressure.  In  general,  the  center  of 
pressure  Is  strongly  dependent  upon  n  and  M  and  weakly 
dependent  upon  Rc.  However,  for  small  values  of  ry, 

Xc  n  is  independent  of  ft.  For  a  sharp  slender  cone, 

Xc;  p[  *  (2/3)L. 

Pitch  Damping.  The  pitch  damping  coefficient^  is 
strongly  dependent  upon  M,  weakly  dependent  upon  <y 
for  small  values  of  ry,  and  nearly  independent  of  RQ.  For 
a  sharp  slender  cone,  a  typical  value  of  Cm^  is  -1  per 

radian.  The  negative  value  of  Cm  Indicates  a  stable  damp¬ 
ing  coefficient.  ^ 

Roll  Damping.  The  roll  ciamping  coefficient  for  a 
symmetrical  vehicle  is  very  small,  negative,  highly  de¬ 
pendent  upon  Rc  and_M,  and  weakly  dependent  upon  ft 
for  small  values  of  a.  For  a  cone,  a  typical  vaiue  of  the 
roll  damping  coefficient  is  -0.  OOd  per  radian. 
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2.  3  Approximate  Equations  for  a  Sharp  Cone 

For  a  major  portion  of  the  reentry  trajectory,  the 
Mach  number  is  in  the  hypersonic  regime,  The  aerodynamic 
coefficients  are  nearly  Independent  of  Mach  number,  and 
good  approximations  to  the  aerodynamic  coefficients  for 
sharp  nosed  cones  are  given  by  relatively  simple  equations. 

The  skin  friction  drag  coefficient,  ,  is  very 

sensitive  to  the  cone  surface  temperature,  to^the  type  of 
boundary  layer,  and  to  surface  roughness.  To  provide 
some  idea  of  the  order  of  magnitude  of  the  coefficient, 

CA-c'  wi^hout  becoming  involved  in  details,  equations  are 

r 

given  below  which  apply  to  laminar  flow  with  a  cold  wall 
(typical  of  early  reentry  conditions)  and  to  a  turbulent 
flow  with  a  hot  wall  (typical  of  late  reentry  conditions).  A 
smooth  wall  was  assumed. 

An  estimate  of  Ct  is  given  in  which  it  Ib  assumed 
that  the  shear  stress  r  ^  is  directed  along  the  vector 
^  +  pr  where  pr  is  the  circumferential  velocity  of  a  point 
on  the  cone  surface.  The  circumferential  component  of 
T  is  proportional  to  Cj  . 

The  following  equations  are  applicable  to  a  cone  of 
half  angle  fl ; 


2 

C.T  ■  2  cos  fi 

(2-11) 

J.Y 

a 

Xc.  p.  " 

2  2  , 
sec  4 

L 

(2-12) 

CA  “  CA. 

+  CA  +CA_ 

(2-13) 

P  B 

C  .  -  2 

sin^  fi 

(2-14) 

AP 

C  ■  — 

ab  m 

2 

(2-15) 
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1.0 

tan  fi 


2  2 

(1  +VM  sin  6)  cob  6 

- 

e 


1/2 


tan  6 


Turbulent  flow,  hot  wall 


(2-16) 


Laminar  flow,  cold  wall 

0  8  2  2  t,0.  8 

-  1  (coa  6)  ‘  (1  +  vM  sin  6) 

(1  +  0.  17  mV*  7 


(2-17) 


tan2  6 


2*c.  a. 
3  L 


~  (1  +  tan2  6) 


(2-18) 


1  2 
-cos 


6 


(2-19) 


2.  4  Asymmetric  Bodies 

Bodies  intended  to  be  symmetrical  are  always 
asymmetrical  to  some  extent  as  a  result  of  manufacturing 
tolerances  and  various  types  of  in-flight  body  distortion. 
The  magnitude  of  the  asymmetric  force  is  usually  very 
small.  However,  these  small  forces  can  have  disastrous 
results  on  vehicle  performance  as  will  be  shown  later. 

Consider  a  body  for  which  the  asymmetric  force  is 
produced  by  a  small  protuberance  located  near  the  aft 
end  of  the  body,  as  shown  in  the  sketch. 
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At  a  =0,  the  protuberance  results  in  a  downward 
asymmetric  normal  force,  Nasy.  This  force  causes  the 
nose  to  pitch  up,  producing  an  angle  of  attack.  The  angle 
of  attack  produces  a  normal  force,  Na.  The  vehicle  con¬ 
tinues  to  pitch  up  until  the  moment  about  the  center  of 
gravity  Is  zero.  The  zero  moment  condition  is  called  the 
trim  condition,  and  the  values  N  and  iy  that  exist  at  this 
condition  are  called  the  trim  normal  force  and  trim  angle 
of  attack,  respectively. 

It  Is  convenient  to  define  another  dimensionless 
aerodynamic  coefficient  called  the  pitching  moment  coef¬ 
ficient,  Cm,  such  that  the  moment  about  the  center  of 
gravity  Is  given  by: 

M  -  Cm  q  Sd  .  (2-20) 

From  the  above  sketch  (using  a  nose-up  moment  as  posi¬ 
tive): 


M  «  N  f,  -  N  (X  „  -  X  )  . 
asy  1  s  c.  p,  c.  g. 


(2-21) 


The  total  normal  force  Is  given  by: 

N  »  N  -  N 

s  asy 

Writing  Eqs,  (2-21)  and  (2-22)  in  coefficient  form: 


(2-22) 


N  f,  N  (X  -  X  ) 
C  -  asy  1  b  c.p.  c ,  g, 

m  —  „  .  — _  d 

q  Sd  qS 


(2-23) 


Ns  Nasy 

c  « —  .  , 

N  -  — 

qS  qS 


(2-24) 


The  term,  Ns/qS,  is  the  for  a  symmetrical  vehicle. 
The  NaBy  term  Is  usually  negligible  compared  to  Ns/qS 
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p-- 


and  maybe  Ignored  In  Eq.  (2-24).  However,  the  effect  of 
this  term  on  Cm  cannot  be  ignored.  Let 

N  i, 

»  C  • 
q  Sd  mo 

Then 

(X  -  X  ) 

Cm  ■  Cm  ‘  CN  '  C•P^  a'0'8'  •  l2-25> 

o 

If  tlie  body  has  a  linear  variation  of  C]sj  with  a,  then  Eq, 
(2-25)  may  be  written : 

(X  -  X„  ) 

C  -  C  -CL.  . -6‘-  a  ,  (2-26) 

m  m  M  d 

O  (V 


If  CmQ  and  Xc  p  are  Independent  of  a,  then  Cm  varies 
linearly  with  a. 


Within  the  limitations  imposed  by  the  assumptions 
listed  above,  typical  Cm  characteristics  for  a  stable  sym¬ 
metrical  and  a  stable  asymmetrical  vehicle  are  shown  in 
the  sketch,  page  27. 


Note  that  C„  is  the  value  of  Cm  at  rv  B  0,  and 
_  mo_  _ 

WTH  18  t*ie  va*ue  ot'  ^m  °  The  va^ue  f*XR  is 

obtained  from  Eq.  (2-26)  as: 


m 


m 


a 


TR  m  -  Xr  _  AX 

c  — CN  T 
N  a  a 

a 


(2-27) 
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In  terms  of  the  static  margin  defined  previously: 


m_ 


“TR  "  (L/d)C  S.M. 

1  a 


(2-2B) 


In  some  reports  the  term  used, 

tion  for  may  be  obtained  by  differentiating 
with  respect  to  a,  Therefore: 


An  equa- 
Eq.  (2-26) 


C 


(2-29) 


To  provide  a  feel  for  the  magnitude  of  C^,  con¬ 
sider  the  flap-type  protuberance  discussed  at  the  beginning 
of  this  section. 
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q 

P 

V 


The  pressure  acting  on  the  flap  and  cone  surfaces  may  be 
estimated  using  Newtonian  theory  which,  In  the  simplest 
form,  states  that  (for  zero  angle  of  attack): 


F 


■  2  sin  (fi  +  < ) 


Pc"P 


q 


■  2  sin^  fl 


(2-30) 


(2-31) 


The  force  resulting  from  the  asymmetry  may  be  divided 
Into  normal  and  axial  force  components.  For  small  values 
of  6  and  t,  the  axial  component  is  small  compared  to 
the  normal  component.  Neglecting  the  axial  component, 
the  total  Increment  in  normal  force  Is: 


Naay  '  SF  (PF  •  Pc>  • 


(2-32) 


Then: 


M 


mo  qSd 


N  i. 

n-ty  1 

qSd 


fp^l 

S  d 


L  q 


c 

q  j 


(2-33) 
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Using  Eqs.  (2-30)  and  (2-31),  and  aBBumlng  6  and  <  to  be 
small: 


C 


m 

o 


SF  V 


(2-34) 


As  an  example,  let  fi  «  10*,  / d  *  1,  Sp/S  ■  0, 1, 

and  <  ■  2°.  For  this  asymmetry,  Eq.  (2-34)  shows  that 

Cm  ■  0.  0027. 

*0 

Another  type  of  asymmetry  for  which  Cnllo  can  be 

readily  evaluat'd  is  one  In  which  the  body  centerline  Is  the 
arc  of  a  circle.  This  type  of  asymmetry,  for  example,  Is 
an  approximation  to  a  distortion  resulting  from  lateral 
loads  or  heating  effects.  For  this  asymmetry  the  moment 

Is  noarly  a  pure  couple  and  Cm  may  be  expressed  In 

o 

terms  of  the  change  In  slope  of  the  body  centerline  from 
noBe  to  base. 


At  high  hypersonic  Mach  numbers: 

C  *  0.008  AB  (2-35) 

mo 

where  A0  Is  in  degrees. 
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2,  5  Examples 


A  typical  reentry  body  will  be  used  in  many  ex¬ 
amples  in  later  sections  of  this  report.  To  illustrate  the 
material  in  the  preceding  subsections,  the  aerodynamic 
data  required  for  subsequent  examples  will  be  computed. 

The  typical  body  is  a  10-foot-long  cone  witli  a  base 

diameter  of  3,  5  feet.  These  dimensions  correspond  to  a 
cone  semiangle  of  about  10®.  The  mass  characteristics 
are  assumed  to  be  as  follows: 


Weight  =  1000  pounds 

X  3  6.  27  feet  aft  of  the  nose 
c.  g, 

Pitch  moment  of  inertia  about  the 
center  of  gravity  3  300  slug-ft2 

Roll  moment  of  inertia  ■  30  slug-ft2 

We  will  use  a  reference  length  d  of  3.  5  feot  and  a  refer¬ 
ence  area  S  of  9.  65  ft2, 


At  hypersonic  speeds  and  for  angles  of  attack  close 
to  zero,  the  aerodynamic  coefficients  are  as  follows: 


c.  p. 


|  sec2  10® 


2 


10  »  6.87  feet 


C*.  3  2  cos  fl  =  1.94  per  radian 

N- 
a 


(2-12) 

(2-11) 


It  is  observed  from  Eqs.  (2-13)  to  (2-17)  that  Ca 
is  a  function  of  M,  Re,  wall  temperature,  and  type  of 
boundary  layer.  The  valves  of  for  two  combinations 
of  wall  temperature  and  boundary  layer  type  are  shown  in 
Figs,  2-3  and  2-4,  The  laminar  flow,  cold  wall  case  is 
typical  of  conditions  that  would  exist  early  in  the  reentry- 
flight,  say  above  100  000  feet;  the  turbulent  flow,  hot  wall 
case  Ls  typical  of  conditions  which  would  exist  later  in 
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flight,  say  below  100  000  feet.  As  will  be  shown  later, 
most  of  the  phenomena  of  Interest  occur  for  values  of  Ke 
from  about  108  to  108.  For  these  values  of  R  • 

SB  0.  1  i 

At  M  =10  approximately  (50%  of  results  from 
pressure  drag  (C^p),  30%  from  skin  friction  (C^p),  and 

about  10%  from  base  drag  <C^g).  The  percentages  vary 

somewhat  with  Re,  M,  and  type  of  boundary  layer,  but 
the  given  values  are  typical  of  tho  relative  Importance  of 
the  three  sources  of  axial  force  for  low-drag  reentry 
bodies.  For  blunted  bodies,  the  pressure  drag  may 
account  for  nearly  100%  of  the  total  drag. 

Values  of  C„..  (Eq.  (2-18))  are  shown  as  a  func- 
mq 

tion  of  Xu<  g, /L  in  Fig.  2-5,  and  values  of  (Eq,  (2-19)) 
are  shown  in  Figs.  2-6  and  2-7.  ^ 

In  the  examples  included  in  subsequent  sections  we 
will  use  typical  values  of  the  aerodynamic  coefficients. 

The  values  of  the  mass  and  aerodynamic  characteristics 
that  will  be  used  are  shown  in  Table  2-1. 
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Table  2-1 

Mass  and  Aerodynamic  Characteristics 

Maso  Characteristics 

L  *  10  feet 

S  ■  9.  65  ft2 

d  ■  3.  5  feet 

v  ■  6.  27  feet 
c.  g. 

Weight  (W)  «  1000  pounds 
Mass  (m)  =  31.1  slugs 

2 

Hell  momont  of  inertia  (Iv)  ■  30  slug-ft 

A  2 

Pitch  moment  of  inertia  Uy  3  ■  300  slug-ft 

IY 

JL-  .  o.  79 

nuT 

Xx 

JL-  .  0.  079 
md 

Aerodynamic  Characteristics 

“2  per  radian 

a  a  0.  035  per  degree 

X  3  6.  67  feet 
c.  p. 

CA  ■  0. 104 

C  »  -1  per  radian 
m 

q 


Combined  Parameters 

2 


a  m  -JL  »  1000  lb /ft 
CAS 


S.M.  3  4% 


AX 


=  0.  114 


-0.  003  per  radian 
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SYMBOLS  FOR  SECTION  3 


Definition 


Typical  tJ  nits 


n 

speed  OL  sound  =^yRT 

ft/  sec 

e 

Napierian  base 

M 

Fc 

Coriolis  force 

pounds 

FP 

horizontal  force  resulting  from  a 
pressure  gradient 

pounds 
,  2 

g 

acceleration  of  gravity 

ft /sec 

H 

scale  height,  RT/gQ 

feet 

h 

geometric  altitude 

feet 

hQ 

P 

geopotential  altitude 

feet 
lb/ ft2 

static  pressure  of  dry  or  moist  air 

P, 

partial  pressure  of  dry  air 

ib /ft2 
lb  /ft2 

A 

P 

saturation  pressure  at  T 

s 

P 

partial  pressure  of  water  vapor 

lb/ ft2 

0 

r  gas  constant  for  dry  air 

r  radius  of  earth 

o 

»  gas  constant  for  water  vapor 

w 

RAOB's  weather  measurements  in  which  a 

balloon  is  used  as  instrumentation 
carrier 

ROCOB's  weather  measurements  in  which  a 

rocket  is  used  as  Instrumentation 
carrier 

S.  L.  sea  level 

T  temperature  of  dry  or  moist  air 

TV  dew  point  temperature 


ft  / sec  -  ‘•R 
feet 

ft2/sec2  -  °R 


Preceding  page  blank 
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Symbol 

Definition 

Typical  UnitB 

t 

time 

seconds 

V 

missile  velocity 

ft/sec 

V 

w 

wind  speed 

ft./  see 

W 

weight  of  an  elementary  volume  of  air 

pounds 

dx,  dy,  dh 

dimensions  of  an  elementary  volume 
of  air 

feet 

Z 

refers  to  time  at  the  zero  meridian 

- 

€ 

change  in  density  defined  by  Eq.  (3-22) 

percent 

y 

ratio  of  specific  heats 

- 

0 

relative  humidity 

- 

or 

latitude 

degrees 

X 

mean  free  path 

feet 

V 

kinematic  viscosity 

ft2 /sec 

P 

density  of  dry  air  »  P/RT 

slug /ft3 

P' 

density  of  moist  air 

slug /ft3 

CO 

earth  rotation  rate 

rad/sec 

Subscripts 

n 

refers  to  a  reference  altitude  or  to  altitudes  at  which 
weather  measurements  are  obtained 

o 

refers  to  sea  level  conditions 
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SUMMARY  AND  CONCLUSIONS 


The  atmosphere  from  Her  level  to  about  400  000 
feet  plays  an  important  role  in  the  motion  of  reentry 
vehicles,  In  this  section  the  general  nature  of  the  atmo¬ 
sphere  is  considered,  and  equations  required  for  studies 
concerning  vehicle  motion  are  discussed.  The  variables 
of  most  concern  are  atmospheric  density,  temperature, 
wind,  and  moisture  profiles  (variations  with  altitude). 

The  1002  Standard  Atmosphere  is  used  in  many  analyses, 
Some  of  the  characteristics  of  this  atmosphere  are  pre¬ 
sented,  and  differences  from  other  typos  of  standard  days 
are  noted, 


The  major  conclusions  are: 

1.  Moat  phenomena  of  Interest  in  the  analysis  of 
reentry  body  motion  occur  In  an  altitude  region  called  the 
homosphere  (sea  level  to  approximately  200  000  feet),  In 
this  regLon  the  atmosphere  obeys  two  laws  of  considerable 
Importance.  The  perfect  gas  law  provides  a  relationship 
between  pressure,  temperature,  and  density;  the  perfect 
gas  law  in  conjunction  with  the  hydrostatic  equilibrium 
law  provides  a  relationship  between  density,  temperature, 
and  altitude,  The  hydrostatic  law  is  frequently  used  as 
an  interpolation  equation  for  tabular  values  of  density 
versus  altitude,  permitting  relatively  few  values  of  the  In¬ 
dependent  variable  for  a  given  accuracy.  This  considera¬ 
tion  is  of  particular  Importance  in  trajectory  simulation 
work. 


2,  Winds  are  obtained  from  direct  measurements 
(balloon  observations,  or  RAOB's,  for  the  lower  atmosphere 
and  rocket  observations, or  ROCOB's,  for  the  upper  atmo¬ 
sphere),  from  forecasts  based  on  observations, or  from 
forecasts  based  on  statistical  analyses  of  many  previous 
observations  (climatological  data),  These  sources  are 
listed  in  the  order  of  decreasing  accuracy,  and  all  sources 
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are  frequently  employed  In  some  phase  of  analysis  of  body 
motLon.  A  law  used  extensively  in  the  forecast  procedure 
is  the  geostrophlc  wind  law,  which  is  derived  by  equating 
the  Coriolis  and  pressure  forces,  However,  this  law  be¬ 
comes  invalid  at  low  latitudes. 

3.  If  the  mo.sturc  content  of  the  air  is  high,  the 
perfect  gas  law  must  be  applied  using  partial,  pressures 
of  air  and  water  mixtures  with  appropriate  gaB  constants. 
Sometimes  moisture  Is  accounted  for  by  using  an  effective 
(or  virtual)  temperature,  The  effect  of  water  vapor  Is  to 
decrease  the  density  when  it  Is  compared  with  a  computed 
density  In  which  the  moisture  content  Is  neglected.  Neglect 
of  the  moisture  effect  results  In  a  density  error  of  a  few 
percent  at  most,  and  the  error  decreases  rapidly  with  de¬ 
creasing  altitude  and  decreasing  temperature.  For  most 
analyses  this  effect  may  be  Ignored. 
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3. 1  General  Characteristics 


The  atmosphere  is  divided  into  throe  broad  altitude 
bands  called  the  barosphere,  exosphere,  and  interplanetary 
gas  (Fig.  3-1).  The  barosphero  exists  from  sen  level  up  to 
about  500  km  (1.05  >.  1  0,J  feet  or  275  nmi).  The  exosphere 
exists  from  500  to  about  00  000  kin  (33  000  nmi).  hi  the 
exosphere,  the  air  density  is  so  low  that  atoms  hardly 
ever  collide  with  one  another.  Molecules  entering  at  the 
base  of  this  region  describe  ballistic  trajectories,  and 
some  travel  beyond  the  gravitational  field  of  the  planet, 

In  this  region,  temperature  has  no  significance  since 
there  Is  no  Maxwellian  distribution  of  velocity.  Inter¬ 
planetary  gas  exists  at.  altitudes  above  about  00  000  km. 

The  barosphere  is  subdivided  Into  the  troposphere, 
stratosphere,  mesosphere,  and  thermosphere  with  the 
tropopause,  ctratopnuse,  mesopause,  and  thermopause 
located  between  these  regions,  as  shown  in  Fig.  3-1, 

These  altitude  bands  are  based  upon  the  temperature 
variation  with  altitude.  The  region  from  sea  level  to  the 
top  of  the  mesophere  is  also  called  the  homosphere. 

The  behavior  of  each  altitude  band  variOB  some¬ 
what  with  earth  latitude.  Many  types  of  standard  atmo¬ 
spheres  are  in  common  use;  only  three  will  be  considered 
in  this  section.  The  1002  Standard  Atmosphere  is  typical 
of  middle  latitude  locations;  the  Tropical  Atmosphere  is 
typical  of  low  latitude  locations  (0°  to  20"  N.  latitude),  and 
the  Polar  Atmosphere  is  typicnl  of  high  latitude  locations 
(north  of  (50c  M,  latitude). 

In  the  troposphere  the  variation  of  temperature 
with  altitude  is  strongly  influenced  by  the  earth  acting  as 
a  heat  source.  The  temperature,  in  general,  decreases 
with  Increasing  altitude.  The  top  of  the  troposphere 
occurs  at  an  altitude  of  36  000  feet  for  the  Standard  Atmo¬ 
sphere,  at  55  000  feet  for  the  Tropical  Atmosphere,  and  at 
83  000  feet  for  the  Polar  Atmosphere,  Essentially  all 
weather  phenomena  occur  in  the  troposphere. 
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The  tropopnu.se  is  the  top  oi‘  the  troposphere  and 
is  an  altitude  of  minimum  temperature.  For  the  Standard 
Atmosphere  the  temperature  is  constant  from  36  000  to 
66  000  feet,  where  it  begins  to  rise;  for  the  tropical  atmo¬ 
sphere  the  temperature  begins  to  rise  at  55  000  feet;  for 
the  polar  atmosphere  the  temperature  is  constant  to  !)G  000 
feet,  where  it  begins  to  rise.  The  temperature  rise  is  a 
result  of  nbsnrpiion  of  ultraviolet  solar  radiations  by 
ozone.  The  temperature  continues  to  rise  with  increasing 
altitude  to  about  150  000  feet  for  the  Standard  Atmosphere. 
Characteristics  to  sufficiently  high  altitudes  are  not  avail¬ 
able  for  the  tropical  and  polar  atmospheres.  Above  the 
stratosphere  the  temperature  again  decreases  with  in¬ 
creasing  altitude,  reaching  a  minimum  temperature  at 
the  mesopauso.  For  the  Standard  Atmosphere,  this  alti¬ 
tude  is  263  000  feet.  Above  the  mesopauso  the  tempera¬ 
ture  again  increases  with  increasing  altitude  up  to  the 
thermopause,  which  occurs  at  approximately  1  650  000 
feet  (275  nmi).  The  temperature  rise  is  caused  by  the 
absorption  of  ultraviolet  rays  with  a  wavelength  of  100L 

The  homosphere  (sea  level  to  300  000  feet)  Is  the 
altitude  band  of  primary  interest  for  analysis  of  reentry 
body  motion.  In  this  altitude  region,  the  atmosphere  Is 
characterized  by  constant  proportions  of  N2,  and 
argon,  and  the  atmosphere  obeys  the  hydrostatic  equilib¬ 
rium  and  perfect  gas  equations. 

For  analysis  of  reentry  vehicles,  the  atmospheric 
property  of  most  interest  is  air  density;  of  secondary 
interest  is  air  temperature.  The  ratios  of  density  for  the 
tropical  and  polar  atmospheres  to  the  density  for  the 
1662  Standard  Atmosphere  are  shown  in  Fig.  3-2.  It 
may  be  expected  that  the  tropical  atmosphere  would  have 
a  lower  density  and  the  polar  atmosphere  a  higher  den¬ 
sity  than  those  of  the  1962  Standard  Atmosphere.  How¬ 
ever,  this  is  true  only  for  altitudes  below  about  20  000 
to  30  000  feet.  Therefore,  depending  upon  the  vehicle 
design  and  trajectory,  the  tropical  day  may  Vie  equivalent 
to  an  atmosphere  of  greater  density  than  that  of  the  1962 
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Standard  Day,  and  the  polar  day  may  be  equivalent  to  an 
atmosphere  of  lessor  density  than  that  of  the  1  962  Standard 
Day. 

The  temperature,  in  addition  to  the  effect  on  den¬ 
sity,  affects  the  speed  of  sound,  and  thus  Mach  number  j= 
V/n).  The  speed  of  sound  ( =  Vr  RT)  is  proportional  to  the 
square  root  of  the  ambient  temperature  and  those  charac¬ 
teristics  are  aiso  shown  in  Fig.  3-2.  Note  that  the  speed 
of  sound  at  a  given  altitude  does  not  vary  from  one  stan¬ 
dard  atmosphere  to  another  hy  more  than  about  7.  5%. 

This  amount  of  variation  is  relatively  unimportant.  How¬ 
ever,  extreme  variations  in  temperature  from  the  1J62 
Standard  Atmosphere,  such  as  those  of  the  winter  months 
at  northern  latitudes,  may  have  a  significant  effect  on  a 
reentry  body  trajectory  by  affecting  Lhc  Mach  number 
history, 

Some  characteristics  of  the  1962  Standard  Atmo¬ 
sphere  are  given  as  a  function  of  altitude  in  Table  3-1. 
More  elaborate  tables  are  given  in  Ref.  3-1,  Similar 
data  for  the  tropical  and  polar  days  are  given  in  Reis, 

3-2  and  3-3. 

3.  2  Variation  of  Density  and  Temperature  with  Altitude 

Consider  an  elementary  volume  of  air  (page  52)  of 
base  area  dxdy  and  height  dh.  If  the  element  of  volume 
is  in  static  equilibrium  (the  acceleration  of  the  element 
of  volume  is  zero),  then  the  following  equation  applies: 

dP 

dxdy(P  +  —  dh)  -  Pdxdy  +  W  *  0  ► 

The  weLght  of  the  volume  of  air  is  given  by: 

W  = pgdxdydh  . 


Therefore, 

dP  =  -  Ogdh  . 
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This  equation  Is  called  the  hydrostatic  equilibrium  equa¬ 
tion,  and  all  three  standard  atmospheres  discussed  In  this 
section  obey  this  equation,  A  second  equation  that  is  valid 
in  the  homosphere  is  the  perfect  gas  law  which  states: 

P  =  pRT  ,  (3-2) 

Differentiating  Eq.  (3-2): 

dP  =  R(Tdp  +  pdT)  .  (3-3) 

Substituting  Eq.  (3-3)  Into  Eq.  (3-1)  and  expressing  g  In 
terms  of  gQ; 


d £  dT_  _  g_o_ 
p  T  "RT 


Jtdh . 

go 


By  definition: 

dh^,  =  dh 
G  go 


(3-4) 


(3-5) 
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where  hQ  ts  called  the  geopotential  altitude  and  h  is  the 
geometric  altitude.  If  g  is  assumed  to  vary  inversely 
with  the  square  of  the  distance  from  the  center  of  the 
earth: 


(3-6) 


Substituting  Eq.  (3-6)  into  Eq.  (3-5)  and  integrating: 


or 


(3-7) 


(3-8) 


In  the  remainder  of  this  section,  the  solution  to 
Eq.  (3-4)  will  be  given  in  terms  of  the  geopotential  altitude. 
However,  the  results  may  be  obtained  in  terms  of  h  by 
using  Eq.  (3-8).  It  should  be  noted  that,  since  R0  so  2.  09  x 
10?  feet,  h  so  hQ  for  low  altitudes.  Even  at  h  =  100  000 
feet,  hQ  and  h  differ  by  only  477  feet. 

In  terms  of  Eq,  Eq.  (3-4)  becomes: 


P 


g°  dh 
RT  dhG 


(3-9) 


The  closed  form  solution  to  Eq.  (3-9)  depends  upon  the 
nature  of  the  variation  of  T  with  hQ.  For  practical  ap¬ 
plications  it  is  necessary  to  consider  only  two  cases,  a 
constant  temperature  (isothermal)  relation  and  a  linear 
relation. 
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Consider  an  altitude  interval  from  hGn  to  hQ.  Inte¬ 
grating  over  this  altitude  band,  Eq.  (3-9)  becomes; 


fn  £-  +  ,n  —  =>  -  —  rh°  —  dh 
n  o  xn  T  R  .1 ,  T  C 


(3-10) 


If  T  is  constant,  Eq.  (3-10)  maybe  integrated  to  give: 


/ Q 

I  n 

8  pn  6XP\ - 


-  h_ 


where 


(3-11) 


(3-12) 


If  T  varies  linearly  over  the  altitude  band,  then: 


T  «  T  +  -l——  f  h  -  h  ) 
n  dh_  nG  nG  '  ' 
G  n 


In  this  case,  Eq.  (3-10)  may  be  integrated  to  give: 


(3-13) 


-0(f) 


(3-14) 


For  calculations,  it  is  frequently  desirable  to  de¬ 
fine  the  density  and  temperature  variations  with  hG  by  an 
equation  rather  than  to  use  tables.  If  the  atmosphere 
obeys  the  hydrostatic  equation,  it  may  be  divided  into 
altitude  bands  for  which  the  temperature  is  accurately 
defined  by  linear  variations  of  T  with  hQ.  Then  the 
density  and  temperature  within  a  given  band  are  defined 
using  Eqs.  (3-11),  (3-13),  and  (3-14)  and  the  conditions 
at  either  the  lower  or  upper  boundary  of  the  band. 
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The  characteristics  of  the  1962  Standard  Atmo¬ 
sphere  may  be  defined  to  within  0.  5%  accuracy  using  Eqs, 
(3-11),  (3-13),  and  (3-14)  and  the  data  in  Table  3-2. 


For  simple  calculations,  it  is  frequently  assumed 
that  the  entire  atmosphere  is  at  a  constant  temperature. 
Such  an  atmosphere  is  called  an  isothermal  or  exponential 
atmosphere.  In  this  case,  Eq,  (3-11 )  becomes 


P 


(3-15) 


Values  of  pc  and  H  are  selected  to  provide  the  best  accu¬ 
racy  for  p  in  the  altitude  region  of  most  interest  for  the 
particular  study.  The  quantity  H  is  called  the  scale 
height.  From  Eq.  (3-11),  the  scale  height  is  the  change  in 
altitude  corresponding  to  a  change  in  density  (or  pressure, 
since  T  is  constant)  by  a  factor  of  1  /e. 

3.  3  Nonstandard  Atmosphere 

Frequently  it  is  necessary  to  consider  atmospheres 
other  than  the  Standard  Atmospheres.  The  quantities  of 
primary  interest  for  studies  of  reentry  body  motion  (ne¬ 
glecting  such  specialized  studies  as  the  effects  of  wind 
shear  and  wind  gust)  are  density,  temperature,  horizontal 
wind  direction,  and  horizontal  wind  speed.  These  data 
are  available  from  observations,  forecasts,  or  climato¬ 
logical  characteristics.  The  latter  data  are  character¬ 
istics  based  on  statistical  analyses  of  many  observations. 

Observations  are  made  in  two  altitude  regions. 
Balloons  are  used  to  obtain  temperature,  pressure,  dew 
point,  and  wind  data  at  altitudes  from  the  surface  up  to  the 
highest  altitude  possible.  Frequently,  the  upper  limit  in 
altitude  is  about  30  000  feet.  Sometimes  the  data  extend 
to  observations  at  about  100  000  feet.  These  observations 
are  called  RAOB's,  In  the  northern  hemisphere,  HAOB's 
are  obtained  dally  at  00Z  and  12Z  hours  at  many  observa¬ 
tion  points.  Rockets  are  used  to  make  observations  of 
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temperature,  density  (sometimes ),  and  winds  as  a  function 
of  geometric  altitude  for  altitudes  from  about  60  000  to 
200  000  feet.  Data  from  these  soundings  are  called 
ROCOB's  and  are  made  only  at  a  very  few  locations, 
usually  near  12Z  hours  Mondays,  Wednesdays,  and  Fridays. 

3.  3*  1  RAOB  Data  -  Dry  Air 

The  RAOB  pressure  and  temperature  data  are  con¬ 
verted  to  density  data  by  Eq.  <3-2),  The  geopotential  alti¬ 
tude  corresponding  to  the  observed  P  and  T  are  calcu¬ 
lated  using  the  hydrostatic  equation,  Since  data  arc  ob¬ 
tained  at  a  large  number  of  altitudes,  the  temperatures 
from  one  measurement  to  the  next  may  be  averaged  and 
used  as  a  constant  so  that  Eq.  (3-11)  applies  and  may  be 
written  in  the  form: 


R(T  +T  .,)  p 

i  -hn  +  - . -ft-- . R1L  in  -ISL 

Qn+1  °n  ^*0  pn+l 


(3-16) 


where  n  corresponds  to  the  measurement  at  one  altitude 
and  n+1  corresponds  to  the  measurement  at  tne  succeeding 
altitude, 

Equation  (3-18)  is  evaluated  in  stepv/lse  fashion 
starting  at  the  surface  conditions  where  hgn  is  the  surface 
elevation  of  the  observation  location. 

3.3.2  RAOB  Data  -  Moist  Air 

The  values  of  density  computed  using  Eq.  (3-2)  are 
valid  provided  the  effect  of  water  vapor  may  be  neglected. 
The  effect  of  water  vapor  on  density  may  be  evaluated  by 
writing  the  equation  for  the  density  of  the  air-water  mix¬ 
ture  as  the  sum  of  the  partial  densities: 


RT  R  T 

w 


(3-17) 
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where 


P 


+  P 


w 


(3-18) 


In  terms  of  p  and  using  H/Rw  ■  0.  622: 


P' 


0r  378 


(3-19) 


If  the  moisture  content  Is  given  in  terms  of  relative 
humidity,  0  =  Pw/P8,  rather  than  Pw,  then: 


P1 


1  -  0.  378 


(3-20) 


The  water  vapor  pressure,  Pw,  U  the  saturation  pressure 
at  Tq,  and  Ps  is  the  saturation  pressure  at  T.  Empirical 
equations  for  the  saturation  vapor  pressures  are: 


Pw  -  exp  ^2  2,  65 
«  exp/22.  65 


(3-21) 


The  effect  of  water  vapor  is  to  decrease  the  den¬ 
sity  compared  to  a  computed  density  which  ignores  the 
effect  of  moisture,  The  percent  difference  in  density  is 
given  by: 


<  =  100 


(V1) 


37,  8 
P 

37,  8 


exp  (22.65  - 
0  exp  (22, 


65  - 


9900 


)• 


(3-22) 


A  plot  of  the  error  as  a  function  of  altitude  and  dew  point 
is  given  in  Pig,  3-3.  Also  shown  are  the  standard 
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temperatures  for  the  1962  Standard  Day  and  the  Standard 
Tropical  Day.  For  these  standard  days,  the  effect  of  100% 
relative  humidity  (T^  =  T)  on  percent  change  In  density  is 
maximum  at  sea  level  and  is  about  0.  7%  for  the  1962  Stan¬ 
dard  Day  and  about  1.  8%  for  the  Standard  Tropical  Day. 
Only  for  very  hot  humid  days  is  water  vapor  likely  to  have 
any  significant  effect  on  density,  and  even  this  effect  is 
significant  only  for  very  low  altitudes, 

3.3.3  RpCOB  Data 

The  effect  of  moisture  is  negligible  at  altitudes 
where  ROCOB  data  are  obtained;  therefore  Eq.  (3-2)  is 
valid.  When  density  and  temperature  both  are  available 
from  an  observation,  the  only  data  reduction  required  is 
the  conversion  from  geometric  altitude  to  geopotential 
altitude  by  Eq.  (3-7).  However  the  density  data  are  usually 
not  measured  directly.  In  this  case,  Eq.  (3-16)  may  be 
used  in  the  following  form: 


^n+1 


a  Pn  exp 


2  gQ 

TO 


(3-23) 


where  ia  obtained  in  stepwlae  fashion  using  a  known 
initial  value  of  density  (from  RAOB  data,  for  example), 
measured  T,  and  hQ  computed  from  Eq.  (3-7)  using  mea¬ 
sured  h. 

3.3.4  Winds 


A  wind  is  defined  in  magnitude  (speed)  and  direc¬ 
tion  from  which  it  is  blowing,  measured  clockwise  from 
the  north.  In  some  current  forecast  procedures,  the  pre¬ 
dicted  winds  are  not  based  on  measured  winds  but  upon 
measured  pressures  and  temperature,  using  the  geo- 
strophic  wind  equations. 

The  geostrophic  wind  is  obtained  by  balancing  the 
horizontal  pressure  force  acting  on  an  elementary  mass 


1 
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of  air  by  the  Coriolis  force,  The  Coriolis  force  is  per¬ 
pendicular  to  the  horizontal  velocity  of  the  elementary 
mass  and,  in  the  Northern  Hemisphere,  is  directed  to  the 
right  (to  the  left  in  the  Southern  Hemisphere),  The  magni¬ 
tude  of  the  force  acting  on  an  elementary  mass  of  air, 
pdxdydh,  is  given  by  the  equation: 

F  ■  2V  pu>  sin  0  dxdydh  .  (3-24) 

c  w 

A  horizontal  pressure  force  acts  on  the  elementary 
mass  whenever  a  horizontal  pressure  gradient  exists. 
Consider  the  following  horizontal  high  pressure  Bystem. 
Let  x  be  the  horizontal  distance  perpendicular  to  the 
isobars,  y  the  horizontal  distance  parallel  to  the  isobars, 
and  h  the  vertical  dimension, 


The  pressure  on  the  two  surfaces  of  area  dxdh  are 
equal,  so  that  the  net  pressure  force  acting  on  the  mass 
in  a  direction  parallel  to  the  isobar  is  zero,  The  pres¬ 
sure  on  the  two  dxdy  surfaces  are  unequal,  but  the  weight 
of  air  is  just  balanced  by  the  pressure  force  (hydrostatic 
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equilibrium  is  assumed),  so  that  no  net  vertical  force 
exists.  Let  the  pressure  acting  on  the  dydh  surface  that 
is  farthest  from  the  high  pressure  center  be  P.  Then  the 
pressure  on  the  dydh  surface  nearest  the  center  la 

3P 

F  +  - —  dx.  The  corresponding  forces  are  Pdydh  and 

0  X. 

(p  + dx)dydh.  Therefore,  the  net  force  is: 

O  X 

Fp  “  If  dxdydh  ■  (3-25) 


The  total  horizontal  pressure  force  is  perpendicu¬ 
lar  to  the  isobar  and  directed  away  from  the  high  pres¬ 
sure.  Since  the  geostrophic  wind  is  obtained  by  a  balance 
of  the  pressure  and  Coriolis  forces,  the  Coriolis  force  is 
perpendicular  to  the  Isobar  and  acts  toward  the  high  pres¬ 
sure  center,  as  shown  in  the  sketch.  For  a  Coriolis  force 
in  this  direction,  the  wind  must  be  directed  along  the  iso¬ 
bar  with  high  pressure  to  the  right  (for  the  Northerm  Hemi¬ 
sphere).  Sinae  Fc  =  Fp,  from  Eqs.  (3-24)  and  (3-25): 


&P/ax 
!p  ui  sin( 


(3-26) 


Equation  (3-26),  the  geostrophic  wind  equation,  is  accurate 
except  for  the  first  few  thousand  feet  above  the  surface 
where  friction  effects  cause  the  wind  to  be  inclined  away 
from  the  isobar  toward  low  pressure  and  the  magnitude  is 
lower  than  that  given  by  Eq.  (3-26),  Typically,  the  maxi¬ 
mum  deviation  in  direction  is  25°,  and  the  maximum  devia¬ 
tion  in  speed  is  a  factor  of  one-third  to  one-half  the  geo- 
strophic  wind,  depending  upon  surface  roughness.  In  addi¬ 
tion,  the  equation  is  not  valid  at  latitudes  near  the  equator. 
The  equation  Ib  valid  for  the  Southern  Hemisphere,  but  the 
direction  of  the  velocity  along  the  isobar  is  opposite  to  that 
discussed  for  the  Northern  Hemisphere, 

Equation  (3-26)  is  applied  at  various  altitude  levels 
to  obtain  the  variation  of  wind  speed  with  altitude.  The 


60  - 


TH|  JOHNI  HOPKINS  UNIVfKSlTY 

APPLIED  PHYBICB  LABORATORY 

tllVIl  •••mu  HiNVLUNII 


wind  direction  is  obtained  from  the  Btope  of  the  isobar  at 
the  location  of  interest.  Therefore,  accuracy  in  wind 
characteristics  requires  accurate  estimates  of  density, 
horizontal  pressure  gradient.,  and  shape  of  the  isobars. 
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Table  3-2 

Constants  forthe!962  Standard  Atmosphere 


hG 

(feet) 

T 

(°R) 

dT  * 

(°R/ft) 

P 

( slug/ft'^) 

0.  000 

518.670 

-3, 56619991  E-03 

2.  37680982E-03 

36089. 238 

389.  970 

0.  OOOOOOOOE+OO 

7.  061 19929E-04 

66616.  760 

389. 970 

5.  48639B00E-04 

1.  7 0820000E-04 

104986.  875 

411.  570 

1.  53619BB2E-03 

2,  5660D928E-05 

154199.  375 

487.  170 

0.  OOOOOOOOE+OO 

2.  76979072E-06 

170603.  625 

487.  1  70 

-1.  0972B986E-03 

1. 47349965E-06 

200131.188 

454.  770 

-2.  19459995E-03 

4.  871  89993E-07 

2591  86.  313 

325.  170 

0.  OOOOOOOOE+OO 

3.  B825D9B4E-08 

291153.  188 

325.  170 

1.  80529999E-Q3 

6.  15079BB8E-09 

323002. 625 

379. 170 

2.  83429981  E-03 

9.  65109992E-10 

354753. 260 

469. 170 

5.  6B669662E-03 

1. 90709989E-10 

386406.  125 

649.  170 

1. 144399B7E-02 

4.  72659D67E-1 1 

480780. 813 

1729.  170 

8.  63499939E-03 

3.  56239951 E-l 2 

512045. 938 

1999. 170 

5.  77439740E-03 

2.  24879924E-12 

543215.  188 

2179. 170 

4.  06099856E-03 

1.  5591 9982E-1  2 

605268.375 

2431. 170 

2.  92699994E-03 

8.  434499B4E-1  3 

728243. 750 

2791  .  1  70 

2.  381 09985E-03 

3.  0345994 BE- 13 

939894. 688 

3295.  1  70 

2.  01519998E-03 

6.  9559071  9E-14 

1234645.  000 

3889. 170 

1. 63550000E-03 

1.  26079073E- i 4 

1520799.  000 

4357. 168 

1. 10109989E-03 

3.  05989996E-15 

1798726.  000 

4663.  168 

7.  32979970E-04 

9.  00309837E-16 

2068776. 000 

4861. 168 

0. OOOOOOOOE+OO 

3.  04629894E-1  6 

)|( 

The  temperature  gradient  is  applicable  to  the  altitude  band 
beginning  at  the  altitude  for  which  the  gradient  is  listed  and 
ending  at  the  next  highest  altitude. 
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4,  EQUATIONS  OP  MOTION 
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Silvia  Srrins.  Maryland 


The  motion  of  a  reentry  body  during  ballistic  flight 
is  affected  primarily  by  five  factors: 

1.  Gravity, 

2.  Earth  rotation, 

3.  Atmosphere, 

4.  Body  dynamics, 

5.  Asymmetries, 

Each  factor  is  considered  in  simplified  form  to  show  the 
general  effects  on  the  trajectory. 


Preceding  page  blank 
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4,1  EFFECTS  OF  GRAVITY 
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SYMBOLS  FOR  SECTION  4.  1 


Symbol 


I 

K 

R 


r 


r 

t 

V 

V 
7 
6 


Definition 

acceleration  of  gravity 
constant  defined  by  Eq.  (4,1-15) 
constant  defined  by  Eq.  (4. 1  -5) 
range 

distance  from  the  center  of  the  earth 
to  a  point  on  the  trajectory 

r/r 

o 

time 

velocity 

flight  path  angle 

central  angle,  measured  from  apogee 


Subscripts 

a  refers  to  conditions  at  apogee 

e  refers  to  conditions  on  the  surface 

of  the  earth 

o  refers  to  initial  conditions 


Typical  Units 
ft/  sec" 


feet  or  nmt 

feet 

seconds 
ft/  sec 

degrees 

radians  or 
degrees 
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SUMMARY  AND  CONCLUSIONS 


The  effect  of  gravity  only  on  the  trajectory  of  a 
ballistic  missile  is  considered,  Equations  that  define  the 
trajectory  (velocity,  time,  flight  path  angle,  altitude,  and 

range)  In  terms  of  initial  conditions  are  presented. 

Plots  are  given  which  show  the  relationship  of 
range  and  flight  time  as  a  function  of  initial  velocity  and 
flight  path  angle  for  minimum  and  nonminimum  energy 
trajectories.  Also  shown  are  plots  of  range  sensitivity 
to  initial  velocity  and  flight  path  angles.  An  example  of 
the  uses  of  the  equations  is  given  in  Example  1,  Section 
4.  6. 

The  major  conclusions  are: 

1.  A  ballistic  missile  follows  an  elliptical  flight 
path.  For  a  given  initial  velocity,  there  is  an  initial 
flight  path  angle  that  results  in  maximum  range,  and  the 
trajectory  is  called  a  minimum  energy  trajectory.  For 
minimum  energy  trajectories,  the  flight  path  angle  de¬ 
creases  from  45e  for  very  short  range  to  approximately 
!i  2°  for  a  range  of  3000  nmi;  the  velocity  increases  from 
0  ft/sec  at  zero  range  to  approximately  20  000  ft/ sec  at 
3000-nmi  range;  the  total  flight  time  increases  from  0 
seconds  at  zero  range  to  about  1300  seconds  for  3000-mni 
range;  the  trajectory  apogee  increases  from  0  nmi  at 

0  nmi  range  to  about  550  nmi  at  3000-nmi  range  (a  maxi¬ 
mum  apogee  of  about  700  nmi  occurs  for  a  range  of  5500 
nmi  and  a  flight  path  angle  of  2  2.  5B). 

2.  Trajectories  for  which  the  initial  flight  path 
angles  are  greater  than  those  for  the  minimum  energy 
trajectory  are  called  lofted  trajectories;  trajectories  for 
which  the  initial  flight  path  angles  are  less  than  those  for 
the  minimum  energy  trajectory  are  called  delofted,  or 
depressed,  trajectories.  For  a  given  range,  the  total 
flight  time  increases  with  increasing  flight  path  angle. 

Preceding  pees  blank 
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3.  The  range  for  a  minimum  energy  trajectory 
la  extremely  sensitive  to  Initial  velocity  (about  2800 
ft/ft/ sec  at  3000-nml  range)  but  Is  very  Insensitive  to 
initial  flight  path  angle.  With  Increasing  loft  at  a  range 
of  3000  nmi,  the  sensitivity  to  initial  velocity  decreases 
but  the  sensitivity  to  initial  flight  path  angle  Increases, 
For  delofted  trajectories  at  3000-nmi  range,  the  senal- 
tlvlty  to  both  initial  velocity  and  initial  flight  path  angle 
is  greater  than  that  for  a  minimum  energy  trajectory. 


fHK  JbHHfl  HOPKINI  UNIVtMIt* 
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Consider  a  nonrotating,  spherical  earth  without  an 
atmosphere.  The  geometry  of  the  trajectory  is  shown  In 
the  sketch. 


The  trajectory  of  a  body  with  initial  velocity  V0  at 
rQ  and  fired  with  a  flight  pathyo  may  be  obtained  by  apply¬ 
ing  the  laws  of  gravity,  conservation  of  energy,  and  con¬ 
servation  of  angular  momentum  as  defined  by  Eqs.  (4.1-1), 
(4.1-2),  and  (4, 1-3),  respectively. 

goro2  “  gr2  (4.1-1) 


gr 


(4.1-2) 


r  V  cos  y  ■=  rV  cos  y 
o  o  'o  r 


(4.  1-3) 


It  may  be  shown  that  the  trajectory  is  elliptical 


2  2 

V  V 

for  <  1 .  parabolic  for  — jr-  ■ 

®o  o  ^oo 


1,  and  hyperbolic  for 
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s - 2-  >  i.  For  ballistic  vehicles,  -g — ~  is  always  less 

2goro  Zgoro 

than  1  so  that  the  trajectory  is  elliptical.  Using  Eqs. 

(4. 1-1)  through  (4. 1-3)  and  the  properties  of  an  ellipse, 
it.  may  be  shown  that  the  trajectory  is  defined  by  the 
equation: 


r 


—  2  2 
V  cos  y 
o  r o 

1  -  K  cos  0 


where 


(4.1-4) 


r  mm.  2  —  2  2 

K  4  1  -  V  (2  -  V  >  cob  y  I  .  (4.1-5) 

L  o  o  'oJ 

The  range  is  the  arc  length  OB  and  is  given  by  the 
equation: 

E  =■  2r  0  (4. 1-6) 

o  o 


where  0O  can  be  obtained  from  Eq.  (4. 1-4)  by  setting 
r  a  1  and  solving  for  cos  0Q.  Thus; 


or 


cos  0 

0 


—  2  2 
1  -  V  cos  yn 
o  '  o 

K 


tan  0, 
o 


—  2 

V  cos  y  sin  y 
o  '  o  o 

—  2  2 
1  -  V  cos  y 
o  'o 


(4.  1-7) 
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It  should  bo  noted  that  the  equations  derived  above 
are  general  insofar  as  the  reference  altitude,  r  ,  is  con¬ 
cerned,  That  is,  r  is  not  necessarily  n  surface  condi¬ 
tion.  However,  if  rn  is  not  a  surface  condition,  care  must 
be  exorcised  in  evaluating  the  reference  velocity,  Vr0g0 , 
and  K  ,  In  terms  of  surface  conditions: 


(4.1-8) 


R  =  2r  0 

e  eo 


(4. 1-0) 


From  Eqs.  (4. 1 -6)  and  (4, 1 -7),  it  Is  observed  that 
a  given  range  may  be  obtained  for  various  combinations  of 
V0  and  yQ.  However,  there  Is  one  combination  of  VQ  and 
y0  that  results  In  minimum  VQ.  This  trajectory,  called 
the  minimum  energy  trajectory  (MET),  represents  the 
minimum  booster  Impulse  for  a  given  range  or,  alter¬ 
natively,  represents  the  maximum  range  that  may  be  ob¬ 
tained  from  a  given  booster.  The  minimum  energy  tra¬ 
jectory  is  obtained  by  operating  on  Eq,  (4, 1-7)  using 
standard  procedures  for  obtaining  maximum  or  minimum 
values.  The  results  are  the  following: 


or 


o 


—  2  2 
V  =  1  -  tan  y 
o  ,  '  o 

min 


(4.1-10) 


(4. 1-11) 


It  is  noted  thntyQ  decreases  from  45°  at  very  short 
runge  to  0°  at  maximum  range  (H/r0  =>  tr).  The  velocity 
Increases  from  0  at  zero  range  to  VQ  =  V  gorQ  at  maximum 
range.  The  latter  velocity  Is  the  velocity  for  a  circular 
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Us 


s 


§ 


orbit.  For  ranges  that  will  be  considered  in  this  report  (It  = 

1000  to  3000  nmi)  the  values  of  y  and  V  computed  from  Eqs. 

0  o 

(4.  1-6)  and  (4, 1  -  7)  are  shown  in  Figs,  4-1  and  4-2.  For 
all  examples  given  In  this  sectton,  r0  a  re  2  2.00  x  10^ 
feet, 

The  time  of  flight  may  be  derived  in  the  following 
manner.  The  rate  of  change  in  0  is  given  by  the  following 
expression: 


•  V  cos  y 

9  »  -  — L 


(4.1-12) 


The  negative  sign  is  required  since,  for  convenience  in 
deriving  the  equation  of  the  ellipse,  0  is  measured  from 
apogee,  Using  Eqs,  (4. 1 -3)  and  (4.  1 -1 2)  the  equation  for 
time  becomes: 


0 


t  « 


V  cosy  % 
o  '  o  0 


r  °  ?2de  . 


(4.1-13) 


Substituting  for  r"  from  Eq.  (4. 1-4)  and  integrating  gLves 
the  result: 


t  a  /  —  (v  cos  y  )  I 
g  o  o 

so 


where  I  Is  given  by  the  equation; 


(4.  1-14) 


’=S 


Vo  (2  -  Vo  ) cos  r0 


K  Bln  6 
1  -  K  cos  8 


1-  W1  ( 
"TT  \ 


VTT^ 


>1  -  K 


>1  -  K  tan  (8/2)' 
1  -  K  I 


,  (4.1-15) 


and  is  evaluated  between  the  limits  0  and  0O. 

If  one  Is  Interested  In  just  the  total  trajectory  time, 
Eqs.  (4. 1  -14)  and  (4. 1-15)  may  be  simplified  by  noting 


f 


: 


i  . 


!N 
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that  the  trajectory  La  symmetrical  about  6  =  0,  and  the 
equation  for  the  time  becomes: 


2V  cos  y 
o  o 


(*-V> 


K  sin  9 

_ . _ £ _ 

l  -  K  cos  S 


- - -  tan’1  ( 

vrn?  v 


>1  -  K  tan  (6  / 2) 


1  -  K 


—  )| 


.  (‘ 


A  plot  of  Eq.  (4,  1-16)  is  shown  for  a  range  of  3000 
nmi  in  Fig,  4-3.  For  a  given  range,  time  increases  with 
increasing  initial  loft  angle,  y  ,  The  minimum  time  for  a 
range  from  0  to  B  is  that  computed  for  a  circular  orbit 
trajectory  from  0  to  B;  that  is  yQ  =  0,  VQ  =  V  g0'r0',  and 
R 

t  a - -  692  seconds  for  R  =  3000  nmi.  For  a  minimum 

v/g""r  ' 

>Bo  o 

energy  trajectory,  K  =  tan  yQ  and  Eq,  (4.1-16)  maybe 
written  as: 


t 


s/£ 


3 

coa  y 


tan  yQ  ^fl  -  tan2  yQ  +  2  tan 


-1 


tan  y  tar 
o 


1  -  tan  y 


The  time  for  a  minimum  energy  trajectory  varies 
from  0  seconds  at  zero  range  to  ffVr0/go  =  2520  seconds 
for  maximum  range  (R  =  irr0).  For  ranges  of  1000  to  3000 
nmi,  the  flight  time  is  shown  in.  Fig.  4-4, 

The  local  flight  path  angle  may  be  expressed  in  the 

form: 


dr 

tan  y  --  -  Tde  • 


(4.  1-18) 
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Solving  for  dr/d8  from  Eq.  (4.1-4)  and  substituting  into 
Eq.  (4. 1  -IB): 


tan  y 


T.  —  Sln  6 

1  -  K  cos  0 


(4. 1-19) 


Differentiating  Eq.  (4.  1 -19)  with  respect  to  t  and 
using  Eq.  (4. 1-12),  it  may  be  shown  that  y  is  given  by 
the  following  equation: 

j,  .  WR.-..f.°L9)  ,  (4.1-20) 

(1  -  K  cos  6)  r 

Evaluating  Eq.  (4,  1-20)  for  ccn  ditions  near  Impact, 
it  may  be  shown  that  y  is  very  small  for  1000  to  3000  nmi 
trajectories.  Therefore,  in  the  absence  of  an  atmosphere, 
the  flight  path  during  reentry  is  nearly  a  straight  line. 

This  fact  will  be  useful  later  when  we  consider  the  effects 
of  the  atmosphere. 

The  velocity  at  any  point  along  the  trajectory  may 
be  obtained  by  solving  Eqs.  (4.1-1),  (4.1-2),  and  (4.1-4) 
to  obtain  the  following  equation: 


V  » 


K 


2K  cos  0  +  1 


V  cos  y 
o  '  o 


(4.  1-21) 


At  apogee  0  =  y  =  0,  and  from  Eqs.  (4. 1-4)  and 
(4.1-21); 


—  2  2 
V  cos  y 
o  o 


r  - 
a 

1  -  K 

A 

1  -  K 

Va 

V  cos  y 
o  '  o 
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ortyt.  For  a  minimum  energy  trajectory,  K  =  tan  yQ  and 
V0“  =  1  -  tan2  y  ,  so  that  the  altitude  (r  -  rQ)  and  velocity 
at  apogee  are  given  by  the  equations: 

h  =r  [(sin  7.  +  cos  v  )  cos  yn  -  l]  (4.1-22) 

n  o  t  °  o  o  i 


or 


V 

a 


1 1  ~ tan  y„ 

cos  y  \  1  +  tan  V 
o  o 


V  /v  - - - - 

a  o  cos  y  +  sin  y 
o  o 


(4. 1-23) 

(4.  1-24) 


For  a  minimum  energy  trajectory,  the  altitude  at 
apogee  is  maximum  (ha  a»  700  nmi  for  rQ  =  re)  for  y  = 

22.  5°  (R  fa  5500  nmi)  and  varies  from  about  250  nmi  for 
R  =  1000  nmi  to  about  550  nmi  for  R  =  3000  nmi.  Since 
the  sensible  atmosphere  extends  to  about  50  nmi,  most 
of  the  trajectory  occurs  in  the  exoatmosphere.  The  ratio 
of  velocity  at  apogee  to  initial  velocity  decreases  from  1 
at  zero  range  to  l/VTfor  maximum  range.  For  ranges 
of  1000  to  3000  nmi,  Va/VQ  varies  from  0.  71  to  0.  72. 


Another  consideration  of  interest  is  the  sensitivity 
of  range  to  the  initial  values  of  V0  and  y 0.  These  sensi¬ 
tivity  values  may  be  obtained  in  the  following  manner: 


5K  SR  o 

av  "  50  av 

o  O  0 


(4.1-25) 


aR/5.0o  and  5  0o/dVo  may  be  obtained  from  Eqs.  (4. 1  -6) 
and  (4.  1-7)  so  that: 


(4.  1-26) 
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Similarly,  SR/dy0  mnybe  obtained  from  Eq.  (4.1-7): 


2r 

_ o_ 

57.  3 


V  ^  (cos  2 y  -  V  ^  cos ^  y  ) 
O  0  0  o 


(4.  1-27) 


Plots  of  Eqs.  (4.  1  -2G)  and  (4.  1-27)  are  shown  in 
Figs.  4-5  and  4-6,  respectively,  Note  that  the  range  of  a 
minimum  energy  trajectory  is  sensitive  to  initial  speed 
but  not  to  Initial  flight  path  angle.  With  increasing  loft 
angle,  the  range  sensitivity  to  V0  decreases  but  range 
sensitivity  to  Increases. 
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SYMBOLS  FOR  SECTION  4,  2 


Symbol 

Definition 

Typical  Units 

CA 

axial  force  coefficient 

- 

h 

altitude 

feet  or  nmi 

I 

refers  to  the  impact  location 

- 

L 

refers  to  the  launch  location 

- 

R 

range  from  L  to  I 

nmi 

r 

re  +  h 

feet 

r 

7 

earth  radius  =  2.  09  x  10 

feet 

G 

=  3441 

nmi 

s 

reference  area 

ft2 

t 

total  flight  time 

seconds 

At 

increment  in  reentry  time 

seconds 

V 

velocity  in  inertial  coordinates 

ft/sec 

w 

vehicle  weight 

pounds 

0 

vehicle  ballistic  coefficient,  g 

lb /ft2 

y 

flight  path  angle  In  inertial  coordinates 
(positive  for  launch  angles) 

degrees 

0 

latitude,  positive  for  N.  latitude 

degrees 

A 

longitude,  positive  for  E.  longitude 

degrees 

AA 

earth  rotation  angle  during  time  t 

degrees 

0 

azimuth  angle,  positive  direction  is 
clockwise  from  north 

degrees 

azimuth  angle  from  L  to  I  (Eq.  (4.  2-19)) 

degrees 

eQ 

half  the  range  angle  for  nonrotating 

earth  (Eq.  (4.  1-7)) 

radian 

Preoatflng  We  WMjt 
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Symbol 

Definition 

Typical  Units 

6e 

half  the  range  angle  for  rotating 
earth  (Eq.  (4.  2-17)) 

radians 

u) 

e 

earth  rotation  rate  =  0.  729  x  10 

rad/ sec 

Subscripts 

e 

refers  to  quantities  measured  relative 
to  rotating  earth 

I 

refers  to  Impact  condition 

L 

refers  to  launch  condition 
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SUMMARY  AND  CONCLUSIONS 


The  equations  of  motion  given  In  the  preceding 
section  are  applicable  to  the  rotating  earth  case  provided 
the  trajectory  is  defined  in  the  inertial  axis  system,  There¬ 
fore,  Initial  conditions  must  be  computed  taking  into  con¬ 
sideration  the  velocity  of  the  rotating  earth.  In  addition, 
the  amount  of  earth  rotation  during  the  time  interval  from 
launch  to  Impact  must  be  accounted  for.  In  this  section 
equations  are  given  lor  evaluating  the  magnitude  of  those 
effects  and  an  example  is  given  in  Section  4,  6,  Example  2. 

The  major  conclusions  are; 

1.  Compared  to  a  nonrotating  earth  calculation, 
the  effect  of  a  rotating  earth  on  a  missile  fired  eastward 
is  to  Increase  the  initial  inertial  velocity  and  to  decrease 
the  Initial  flight  path  angle.  Westward  firings  result  in  a 
decreased  velocity  and  an  increased  flight  path  angle.  The 
largest  change  in  velocity  (about  1500  ft/sec)  occurs  for 
launches  at  the  equator,  for  eastward  or  westward  firings, 
and  for  very  low  flight  path  angles. 

2.  Compared  to  a  nonrotating  earth  calculation, 
the  effect  of  a  rotating  earth  on  a  missile  fired  eastward 
Is  to  Increase  the  range  and  flight  time.  The  impact 
latitude  Is  the  same  for  both  calculations.  For  a  west¬ 
ward  firing  the  range  and  flight  time  are  decreased. 
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The  three  basic  laws  used  in  Section  4.  1  to  define 
the  equations  of  motion  are  valid  for  a  coordinate  system 
fixed  in  space  (nonrotating  earth).  Two  major  effects  of 
the  earth's  rotation  on  the  flight  of  ballistic  vehicles  will 
be  considered. 

1.  The  launch  site  has  a  velocity  caused  by  the 
eartii's  rotation  so  that  launch  velocity  and  launch  direc¬ 
tion  are  modified  compared  to  the  nonrotating  earth  solu¬ 
tion. 


2.  The  earth  rotates  while  the  missile  is  in  flight, 
thereby  affecting  the  location  of  the  Impact  point. 

Assume  that  a  booster  imparts  to  a  vehicle  a 
velocity  Ve  at  an  azimuth  angle  and  a  flight  path  angle 
ye,  where  all  three  quantities  are  measured  relative  to  a 
rotating  earth.  The  earth  geometry  required  for  this 
study  is  shown  in  the  sketch,  page  102. 

The  vehicle  will  travel  in  an  orbital  (or  trajectory) 
plane  that  contains  the  velocity  vector  in  Inertial  space, 

V,  and  the  center  of  the  earth.  The  characteristics  of 
the  trajectory  are  defined  by  the  equations  derived  in  Sec¬ 
tion  4.  1,  provided  inertial  quantities  are  used.  The  iner¬ 
tial  quantities  may  be  obtained  from  earth  reference  quan¬ 
tities  as  shown  below.  The  velocity  vector  is  divided  into 
three  components: 

Radial  component  =  V  sin  y  (4.2-1) 

North  component  =  V  cosy  cos  $  (4.2-2) 

East  component  =  V  cos  y  sin  0  (4.  2-3) 
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In  inertial  coordinates  the  radial  component  and 
north  component  of  velocity  are  the  same  as  those  mea¬ 
sured  in  the  earth  fixed  axes,  but  the  east  component  is 
increased  by  u>e  r  cos  0.  Therefore,  the  components  of 
the  inertial  velocity,  V,  are; 

Radial  component  =  V  sin  y  (4,  2-4) 

North  component  =  Ve  cos  y ^  cos  (4,  2-5) 

East  component  =  Ve  cos  y g  sin  ip  +  o>er  cos  0  (4.  2-6) 
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The  azimuth  angle,  flight  path  angle,  and  velocity  in  inertial 
coordinates  may  be  obtained  from  the  following  equations: 


-  ea-3tward  component  of  velocity 
an  ^  ~  northward  component  of  velocity 


tan  $  _  j 

tan  ifiQ  “ 


+ 


to  r  cos  0 
_ e _ 

Ve  cos  sin  *>e 


radial  component  of  velocity 
total  velocity 

sin  y  Ve 
sin  =  V 


(4.  2-7) 


(4.  2-8) 


V 

V 


to  r  cos  0 

1  +  2  cos  yQ  sin  4>e  - 

e 


'toer  cos  0 
— 


(4.  2-9) 


For  launch  velocities  of  interest,  the  velocity  ratio 
is  given  by  the  approximation: 

u)gr  cos  0 

—  =  1  +  cos  y  sin  iL  - - - 

V  e  re  V 

e  e 

to  =  0,  729  x  10  4  rad/sec 
e 

7 

r»r  *  2,  09  x  10  feet 
e 

.  ' .  to  r  =  1320  ft/sec  . 

G  0 

From  Eqs.  (4.  2-8)  and  (4,  2-10),  it  is  observed  that 
for  eastward  launches  (0~  =  0°  to  180°,  V/Ve  >  1  and  tends 
to  be  maximum  for  launches  from  the  equator  (0  =  0)  for 


(4.2-10) 

(4.  2-11) 

(4.  2-12) 
(4.2-13) 


-  103  - 


™t  JOHN*  HON IN§  UNIVlMlTT 

APPLIED  PHYSICS  LABORATORY 

l'L««  MNiNa  MAftVLANO 


minimum  energy  trajectories  (minimum  Ve),  for  direct 
east  firings  (^e  =  90),  and  for  low  flight  path  angles 
(Ve  -  0).  For  eastward  trajectories  the  inertial  velocity 
is  increased  and  the  flight  path  angle  is  decreased  (com¬ 
pared  to  the  values  for  a  nonrotating  earth);  for  westward 
firings,  V  is  decreased  and  y  increased  (compared  to 
the  values  for  a  nonrotating  earth).  The  maximum  varia¬ 
tion  of  V/Ve  from  unity  is  ±  uier/Vp.  For  V  2  10  000 
ft/sec  the  maximum  variation  in  V/Ve  is  about  15%. 

Given  values  of  Ve  and  y  ,  the  inertial  values  of 
V  and  y  may  be  obtained  from  Eqa.  (4.  2-8)  and  (4.  2-10), 
These  values  of  V  and  V  may  be  used  in  equations  given 
in  Section  4. 1.  However,  the  range  computed  by  Eq. 

(4. 1-9)  corresponds  to  the  range  measured  along  a  sphere 
fixed  in  space.  The  range  measured  on  the  rotating  earth 
(in  the  absence  of  an  atmosphere)  may  be  computed  as 
shown  below. 

The  orbital  plane  defined  by  V  and  the  center  of 
the  earth  remains  fixed  in  space.  During  the  flight  time 
the  earth  rotates  through  an  angle: 

AA  =  57.  3  we  t  .  (4.  2-14) 


For  given  inertial  launch  conditions,  the  impact 
latitude  is  unaffected  by  we  and,  from  spherical  trigonome¬ 
try. 

sin  0  -  [sin  20  cos  0  cos  1 p.  +  cos  20  sin  0r  ]  (4.2-15) 


where  0Q  is  the  value  computed  from  Eq.  (4. 1-7)  for 
y0  a  y  and  VQ  3  V.  The  Impact  longitude  is  given  by: 


Aj  =  "  57.  3wgt  +  sin 


“( 


sin  iiiT  sin  20  ' 

jj  o 

cos  0. 


(4.  2-16) 


where  t  is  the  flight  time  computed  from  Eqa.  (4. 1-7) 
and  (4,  1  -1 6)  for  V0  3  V  and  yQ  =  y  , 
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Given  0L,  At  ,  0j,  and  Aj  the  range  may  be  com¬ 
puted  from  the  equatton: 

R  =  2r  9  2*17* 

e  e 


From  the  spherical  geometry  shown  in  the  sketch, 
the  range  angle  26e  may  be  obtained  from; 


cos  20  «  cos  0.  cos  0.  cos  AA  +  sin  0.  sin  0.  .  (4.  2-18) 

e  I  Ij  l 


GREAT  CIRCLE  ARC 


The  bearing  of  the  impact  from  the  launch  site 
may  be  obtained  from 
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For  0  =0,  Eq.  (4,  2-19)  becomes: 

i-j 


sin  0, 


COS  0 


LI 


f  2  2 

yj  1  -  cos  0  cos  AA 


(4.  2-20) 


Sometimes  V,  y ,  and  0  are  given  and  it  is  desirable 
to  obtain  the  corresponding  quantities  relative  to  a  rotating 
earth.  The  required  equations  are: 


2  co  r  cos  y  sin  0  cob  0 

G 


♦m' 


2  M 

cos  p 


(4.2-21) 


sin  y 
_ e 

sin  y 


tan  0 

T - 4  =  l 

tan  0 


to  r  cos  0 
e 

V  cos  y  sin  0 


(4.  2-22) 


(4.  2-23) 
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4.3  EFFECT8  OF  ATM08PHERE 
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Symbol 

A 


a 


D 

d 


gX 

H 

h 

h 

max 

It(K) 

I200 

XY 

K 

kl 

L 

M 

m 

P 


SYMBOLS  POE  SECTION  4.  3 


Definition 


axial  force 

speed  of  sound 

axial  force  coefficient 

pitch  damping  coefficient 

normal  force  coefficient 

dCN/da 

damping  factor  (Eq.  (4.  5-20)) 
reference  length 
acceleration  of  gravity 
longitudinal  acceleration 
scale  height  =  RT / g 
altitude  above  sea  level 


altitude  at  V 
»n 


(K/  2) 


OB 

^  n«  nl 
n«l 


max 


-K  1  (2K)n 

e  ^  i.  3.  5.  ••(2n+l) 
n»0 

pitch  (or  yaw)  moment  of  inertia 
parameter  defined  by  Eq,  (4,  3-6) 
constant  defined  by  Eq.  (4.  3-26) 
reference  length 
Mach  number  ■  V/a 
vehicle  mass 
atmospheric  pressure 


Typical  Units 

pounds 

ft/sec 


feet 

ft/sec2 

g 

feet 

feet 

feet 


slug-ft2 


feet 


slugs 
lb /ft2 
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Symbol 

Definition 

Typical  Units 

q 

v  2 

dynamic  pressure  =  A  PM 

lb /ft2 

qs 

stagnation  heating  rate  per  unit  area 

Btu/t’t2sac 

Q 

total  heat  per  unit  area  absorbed 

2 

at  the  stagnation  point 

Btu  /  ft 

R 

gas  constant  ■  1  71 G 

ft2/sec2  -  UR 

R 

e 

Reynolds  number,  VL/v 

- 

R.. 

vehicle  nose  radius 

feet 

N 

2 

S 

reference  area 

ft 

T 

atmospheric  temperature 

°R 

t 

time 

seconds 

Atj,  At2 

intervals  of  time  defined  by  Eqs. 

(4.  3-20)  and  (4.  3-21) 

seconds 

V 

vehLcle  velocity 

ft/ sec 

W 

vehLcle  weight 

pounds 

X  » 

distance  from  vehicle  nose  to  the 

c,  p» 

c.  p. 

feet 

Xr 

distance  from  vehicle  nose  to  the 

c.  g. 

c.  g. 

feet 

AX 

X  -  X 

c.p.  c.  g. 

feet 

a 

vehicle  angle  of  attack 

radians 

/3 

W 

ballistic  coefficient  s  7; — » 

^AS 

lb  /ft2 

y 

reentry  flight  path  angle  (always 

negative) 

degrees 

V 

kinematic  viscosity 

ft  /sec 

p 

atmospheric  density 

slug/ft3 

WA 

aerodynamic  pitch  frequency 
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Subscripts 

nve  refers  to  average  over  the  time  interval 

E  refers  to  reentry  conditions  (K  =  0) 

i  refers  to  initial  conditions 

o  refers  to  sea  level  conditions 

max  refers  to  maximum  value  except  as  noted 

A  dot  over  a  symbol  means  the  first  derivative  with  respect  to  time. 
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SUMMARY 


When  n  vehicle  moves  through  nn  atmosphere, 
aerodynamic  lorc.es  are  gemmated  that  niTecl.  vehicle  mo¬ 
tion.  The  magnitude  of  these  forces  is  influenced  strongly 
by  the  missile  velocity  and  atmospheric  density.  In  this 
section  approximate  equations  are  derived  for  missile 
velocity,  ambient  density  (or  pressure  and  temperature), 
and  related  parameters. 

Assuming  that  the  axial  force  is  the  only  force  act¬ 
ing  on  the  missile,  and  making  other  appropriate  simplifi¬ 
cations,  equations  are  derived  for  velocity,  time,  dynamic 
pressure,  longitudinal  deceleration,  Reynolds  number, 
stagnation  point  heating  rate,  and  the  total  heat  absorbed 
at  the  stagnation  point  as  functions  of  a  parameter  (K) 
which,  for  a  given  missile,  atmosphere,  and  trajectory, 
is  defined  by  altitude  only.  Most  of  these  quantities  in¬ 
crease  from  zero  at  reentry,  reach  a  maximum  value, 
and  then  decrease  prior  to  impact.  Equations  are  given 
for  the  maxima  and  the  value  of  K  at  which  they  occur. 

An  example  illustrating  the  use  of  these  equations 
is  given  in  Section  4.  (i,  Example  4. 
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The  boost  phase  of  the  trajectory  is  guided  to  such  a 
high  altitude  that  atmospheric  effects  during  the  exit  phase 
are  usually  negligible,  Therefore,  this  discussion  is 
limited  to  the  reentry  phase. 

Gusto. narily,  reentry  into  the  sensible  atmosphere 

is  assumed  to  begin  at  an  altitude  of  400  000  feet.  The 
velocity  increases  slightly  under  the  effect  of  gravity, 
reaches  a  maximum  value,  and  then  decreases  under  the 
influence  of  aerodynamic  drag. 

The  maximum  velocity  occurs  when  the  axial  force 
is  just  equal  to  the  component  of  gravity  along  the  flight 
path,  or: 

C^q  S  =  -  W  sin  y 

Using  the  definitions  of  q  and  j3,  this  equation  becomes: 

2 a  sin  y 

p  a  - 

V 

max 


If  the  reentry  velocity,  VE,  Is  given  for  some  altitude 
above  that  corresponding  to  Vmax,  the  maximum  velocity 
may  be  estimated  using  the  equation: 


Vmn  v  =  VF  +  kS 

max  iii 


(hE  '  hmax* 
VE 


where  k  is  a  constant  having  a  magnitude  between  0  (for 
hE  ax  hmax)  and  1  (for  hfi  »  h  ).  A  precise  value  of 
k  Is  not  important  since  the  difference  between  Vg  and 
Vmax  is  small  and,  in  fact,  is  usually  neglected.  How¬ 
ever,  if  a  little  more  accuracy  is  desired,  the  equations 
for  p  and  Vmax  may  be  solved  by  successive  approxi¬ 
mation. 


The  remainder  of  this  section  considers  the  motion 
of  the  vehicle  during  the  deceleration  phase.  During  this 


Preceding  page  blank 


115  - 


TM«  JOMNt  MOPftINl  UNlVlfttirv 

applied  physics  laboratory 

fcuVta  IMiHQ  UiliuND 


period  the  general  behavior  of  the  body  may  be  obtained  by 
simplified  equations  of  motion  based  on  the  following  as¬ 
sumptions: 

1.  The  earth  is  flat  and  nonrotating. 

2.  The  only  force  acting  on  the  body  is  the  axial 
force,  and  the  axial  force  coefficient  is  con¬ 
stant. 

a.  The  reentry  flight  path  angle  is  constant. 

The  reentry  phase  is  of  relatively  short  duration 
and  short  range  so  that  the  assumption  of  a  flat  nonrotating 
earth  is  justified  for  this  study.  The  assumption  that  the 
axial  force  is  the  only'  force  acting  on  the  body  implies 
that  the  angle  of  attack  is  always  zero  and  that  the  effect 
of  gravity  is  negligible  compared  to  the  effect  of  axial 
force.  More  precise  methods  of  computing  trajectories 
may  be  used  to  show  that  the  effect  of  a  is  usually  small, 
Except  for  the  very-hlgh-altitude  and,  sometimes,  the 
very-low-altitude  portions  of  the  reentry  trajectory,  the 
W  s  in  y 

assumption  that - ^ — -  is  small  is  justified  for  approxi¬ 

mate  solutions  to  the  equations  of  motion.  Precise 
methods  of  computing  trajectories  may  be  used  to  show 
that  assumption  3  is  valid  for  a  large  portion  of  most  tra¬ 
jectories  and  that  the  validity  tends  to  be  improved  for 
high  weight  and  low  axial  force  bodies  and  for  steep  re¬ 
entry  angle  trajectories.  For  many  reentry  bodies  and 
trajectories  in  current  use,  the  assumption  of  constant 
y  is  valid  all  the  way  to  impact. 

The  geometry  of  the  trajectory  in  which  A  is  the 
only  force  acting  is  shown  in  the  sketch. 
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The  equation  of  motion  along  the  flight  path  is: 


W  dV 
“  g  dt 


(4.  3-1) 


Expressing  the  axial  force  in  terms  of  coefficients  as  dis 
cussed  in  Section  2: 


,  „  2  ur 

-C  .  (l/2foV  S  =  ~ 
A  g 


dV 

dt 


(4.  3-2) 


Since  the  flight  path  is  a  straight  line,  dh/dt  =  V  sin  y 
and  Eq.  (4.  3-2)  may  be  written  in  the  form: 


dV  CAgpS  dh 
"V  2  W  siny 


(4.  3-3) 


The  term  W/C^S  occurs  frequently  in  reentry  equations 
and  is  called  the  ballistic  coefficient,  £  For  an  atmo¬ 
sphere  in  static  equilibrium  (see  Eq.  (3-1)),  dP  =  -pgdh. 
When  these  substitutions  are  made,  Eq,  (4,  3-3)  becomes: 
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dV  _  dP 
V  "  2/3  sin  y 


(4. 3-4) 


Using  initial  conditions  V  =  Vi  at  P  »  Pi.  Eq.  (4.  3-4)  is 
readily  integrated  to  give; 


K  .  -  K 

l 


V  =  Vtu 


(4.  3-5) 


where  K  is  defined  by  the  equation: 


0  s  in  > 


(4.  3-6) 


eK  VE 

Equation  (4.  3-5)  is  valid  provided 


This  con¬ 


dition  is  a  restatement  of  assumption  2  listed  above. 
Therefore  the  equation  tends  to  become  invalid  at  low 
entry  velocities  and  at  very  low  and  very  high  values  of  K. 
The  limitation  at  very  low  values  of  K  is  not  serious  an 
was  discussed  at  the  beginning  of  this  section.  On  the 

other  hand,  the  limitation  at  high  values  of  K  may  have 
significant  consequences  (see  Section  5  1  3  for  cample). 
When  the  initial  altitude  is  high,  Kt «  0  and  the  equati 
may  be  simplified.  For  some  applications  of  these  equa¬ 
tions  the  initial  condition  is  not  a  high  altitude  condition. 
Therefore  for  completeness  the  Kt  term  is  retained  in 
Eq.  (4.  3-5)  and  subsequent  equations. 

Other  trajectory  characteristics  of  interest  may 
be  derived  (Ref.  4-1)  and  the  results  are  given .in  Eqs. 

(4.  3-7)through  (4.  3-29).  The  time  from  altitude  ht  (de 
fined  by  Pt)  to  any  other  altitude  (defined  by  P)  is  given 

by: 


t  -  t.  = 
i 


a  ve 
sin  y 


in  jj-  +  I^(K) 
i 


w 


(4.3-7) 
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whore  the  Ij  function  Is  plotted  in  Figs.  4-7  and  4-8.  The 
dynamic  pressure  Is  given  by  the  equation: 

-V  2m  sin  y 
—  _  1 

q  =  2  C  .  SI! 

A 


K 


K  -Kt 


(4.  3-8) 


The  longitudinal  acceleration  is  given  by: 


•KV*  siny 


2gIIc 


K-K. 


(4.3-9) 


The  Reynolds  number  based  on  body  length  is  given  by: 


R 

e 


V.L 


ue 


(K/ 2-Ki / 2 ) 


(4.  3-10) 


The  heating  rate  at  the  body  stagnation  point  is  indicative 
of  the  severity  of  the  heating  environment.  This  rate  is 
given  by: 


e3(Kt  -  K) 


(4.  3-11) 


The  total  heat  aboorbed  at  the  stagnation  point  from  hj  to 
h  is; 


•V  V*-/rr(wW  W 

Y  UN°o 


(4.  a 


where  Ir,(K)  is  plotted  in  Fig.  4-9. 

The  dynamic  pressure,  longitudinal  deceleration, 
Reynolds  number,  and  stagnation  heating  rate  all  have  a 


-12) 
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trend  which  increases  from  zero  at  reentry  to  a  maximum 
value  and  then  (depending  upon  the  body  and  trajectory 
characteristics)  decreases. 


The  approximate  pressure  at  which  the  maximum 
values  of  these  functions  are  reached  may  be  obtained  by 
assuming  T  is  a  constant,  1<L  =  0,  salting  the  derivative 
of  the  function  with  respect  to  K  to  zero,  and  solving  for 
the  maximum.  The  error  introduced  by  assuming  T  is 
a  constant  is  small.  At  Kt  =  0,  VL  =  VE  and  the  equations 
for  the  maxima  and  their  K,  P,  and  V/VE  values  are 


shown  below, 

Equation 

-fjVEa  alar 
— ikHTCT — 


VE  sin  y 
ax  ’  9330f 


VE 

R  /L  >  0,  368  -= 
e  v 


144.3  (  Ve  \  I  -0  si 

l  26  000  / 


sin  y 
T 


K 

P 

V/VE 

l 

*jS  sin  y 

0.  GOB 

(4,  3-13) 

1 

•0  s  In  Y 

0,  600 

(4.3-14) 

2 

•20  sin  y 

0,  308 

(4.3-15) 

1/3 

•(0i 3)  sin  v 

0.  840 

(4,  3-18) 

The  longitudinal  acceleration  is  a  characteristic 
of  considerable  importance  since  It  is  a  quantity  that  can 
readily  be  measured  on  a  flight  test  vehicle.  It  is  inter¬ 
esting  to  note  that  for  an  isothermal  atmosphere  gxmax 

Is  highly  dependent  upon  VE,  moderately  dependent  upon 
y  and  T,  and  independent  of  the  vehicle  weight  and 
axial  force  (0).  However  the  altitude  at  which  Sxmax 

occurs  is  dependent  upon^.  The  greater  the  0  or  the 
steeper  the  reentry  angle,  the  lower  the  altitude  for 

gXmax' 
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The  g^  versus  time  curve  has  two  Inflection  points, 
which  may  be  determined  in  the  following  manner: 


V  dK 

’X  '  dK  dt 


(4.  3-17) 


It  may  be  shown  that: 


VE  8ln  V  „  -K/2 
H  Ke 


(4.  3-18) 


3  2 

Vp,  sin  y  op  j  o 

-£ - —  K(1  -K)e 3KU 

2g(H)<5 


(4.  3-19) 


The  Inflection  point  occurs  where  Eq.  (4,  3-19)  is  maximum 
or  minimum,  It  maybe  shown  that  this  occurs  at  K  =  1/3 


and  K  *  2,  which  correspond  to- 


*  0,  650  and  0.  736, 


respectively,  or  P  *  -(1/3  )j3  sinX  and  -2^slny,  respec¬ 
tively. 

Using  Eq.  (4,3-7),  the  time  between  the  high  alti¬ 
tude  inflection  point  and  Sxmax  *B  S^ven  by: 


80T 

At  -  avc 

1  "  "  V„  sin  y 

.Ci 


(4. 3-20) 


and  the  time  from  gv  to  the  low  altitude  inflection 
i  ,  ,  .  ,  BAmax 

point  is  given  by: 


2  V„  sin 
E 


(4,3-21) 
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From  Eqs,  (4.  3-9)  and  (4.  3-14); 


.  2  72  JL  , 

h  cK 

max 


(4.  3-22) 


Therefore,  using  just  the  telemetry  trace,  the  ratio  of 
/ SXtriax  ^  a  Soot*  Indication  of  the  K  history.  The  K 

history  can  be  converted  to  air  pressure  history  from 
known  0  and  y  (Eq.  (4.  3-6)),  and  the  pressure  history 
can  be  converted  to  altitude  history  from  known  atmo¬ 
spheric  characteristics.  A  plot  of  g^/gx  versuB  K 
Is  given  In  Fig.  4-10.  max 

Other  quantities  required  for  succeeding  sections 
are  listed  below  for  convenient  reference. 


V  C  AXm  sin  (-y) 

2  q _ K 

!W  eK 


(4. 3-23) 


*  VE 


AXm  sin  (-V) 
2  a _ 

-  8  ca'yh3 


(i  -  k)Vk 

-  - 


(4.3-24) 


d  “  J"  k.  -  c  [_■£<: 2I_ 

^  ma  2C  k  — 

q  .  CA  Tkld 


(4.3-25) 


(4.3-26) 
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r  y  (1  .  K)  K 

q  77Sh!  “PUTT- 

A 


dq  Vli  m  9ln  {-y)  (1  -  K> 

3k  "  2(57SH  k 

A  e 


A  vEwai„‘y  K 

*  "  '  7^ 


(4,  3-27) 


(4.  3-28) 


(4.  3-29) 


The  1902  Standard  Atmosphere  characteristics 
required  for  evaluating  these  equations  are  listed  In  Table 

3-1. 
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SYMBOLS  FOR  SECTION  4.  4 


Symbol 

Definition 

Typical  Unite 

a 

constant  defined  by  Eq,  (4.  4-52) 

- 

C1’C2 

constants  in  Eq.  (4.4-33) 

- 

C3'  C4’  C5 

constants  defined  by  Eqs.  (4,4-45), 

(4.  4-58),  and  (4.  4-61) 

- 

CA 

axial  force  coefficient 

- 

CN 

normal  force  coefficient 

- 

C«  - 

do  /d£ 

N 

a 

N 

s 

roll  damping  derivative 

- 

P 

CU 

m 

n 

pitch  damping  derivative 

- 

d 

reference  length 

feet 

FV,F 

A  X  w 

aerodynamic  forces  along  body 

axes  X,  Y,  Z 

pounds 

F 

m 

CN  qs 

a 

lb/rad 

B 

acceleration  of  gravity 

ft/ sec^ 

gL 

load  factor  =  N/W 

- 

H 

scale  height  =■  RT/g 
or 

feet 

angular  momentum 

2 

slug -ft  / sec 

Iv»  1-vr  1 

moments  of  inertia  about  principal 

slug-ft2 

A  i  C~i 

axes  X,  Y,  Z 

J 

O 

zero  order  Bessel  function 

- 

K 

-P/(0  sin  y) 

- 

kl 

constant  defined  by  Eq.  (4.4-30) 

rad / sec 

k 

constant  defined  by  Eq.  (4,  4-31) 

rad / sec^ 

Preceding  pege  blank 
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Svmbol 

Definition 

Typical  U 

t.  ni,  n 

aerodynamic  rolling  moment,  pitching 
moment,  nml  yawing  moment,  respec¬ 
tively 

lb-l't 

m 

mass  =  W/g 

slugs 

M 

P 

—  2 

roll  damping  factor, 

P 

lb-ft-sec 

M 

q 

pitch  damping  factor,  ~~ 

q 

lb-ft-sec 

NI 

r 

-  2 

yaw  damping  factor,  ■  - 

nr 

Ib-ft-sec 

N 

/  2  2 

total  lateral  force,  \Fy  +  F^, 

pounds 

P 

ambient  air  pressure 

lb  /ft2 

Pj  q.  r 

roll  rate,  pitch  rate,  yaw  rate, 
respectively 

rad/sec 

q 

dynamic  pressure 

lb /ft2 

R 

gas  constant  =  1716 

ft2/sec“ 

S 

reference  area 

ft2 

T 

temperature 

°R 

t 

time 

seconds 

U,  V,  w 

missile  velocity  along  X,  Y,  Z  axes, 
respectively 

ft/  sec 

V 

missile  velocity 

ft/  sec 

w 

missile  weight 

pound  s 

X 

constant  defined  in  Eq.  (4.4-40) 

- 

AX 

X 

x  x  „ 
c.  p,  c.  g. 

distance  from  missile  nose  to  the  c.  g. 

feet 

feet 
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Symbol 

Definition 

Typical  Units 

X 

distance  from  missile  nose  to  the  c,  p, 

feet 

c.  p. 

a 

angle  of  attack  in  the  XZ  plane 

radians 

_ 

,  „  ,  J  2  2 

radians 

ry 

vector  angle  of  attack  |a|  +  p 

0 

angle  of  attack  in  the  XY  plane 
or 

radians 

n 

ballistic  coefficient,  W/C^S 

lb /ft 

y 

flight  path  angle,  negative  for  re¬ 

entry  trajectories 

degrees 

c 

angle  defined  by  Eq.  (4,4-22) 

degrees 

0 

angle  defined  by  Eq,  (4,  4-23) 

degrees 

e 

angle  between  the  missile  X-axis  and 

the  local  horizontal 

degrees 

CO 

B 

frequency  defined  by  Eq.  (4.  4-21 ) 

rad/sec 

W  jji 

/  2  2 

transverse  rate  =  •yq  +  r 

rad/sec 

(0 

I  2  2  2 

total  spin  vector  =  y  p  1  +  q  +  r 

rad/sec 

WA 

aerodynamic  frequency  defined  by 

rad/sec 

Eq.  (4.4-36) 

CO 

frequency  defined  by  Eq.  (4.4-49) 

rad/sec 

tB 

period  defined  by  Eq.  (4.  4-24) 

seconds 

TS 

period  defined  by  Eq.  (4.  4-25) 

seconds 

phase  angle 

degrees 

Subscripts 

E 

refers  to  conditions  at  entry 

o 

refers  to  conditions  at  t  =  0 

A  dot  over  a  symbol  means  the  first  derivative  with  respect  to  time. 
Two  dots  over  a  symbol  mean  the  second  derivative  with  respect  to 
time. 
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SUMMARY  AND  CONCLUSIONS 


In  the  preceding  section,  the  effects  of  the  atmo¬ 
sphere  on  vehicle  velocity  and  related  factors  wore  con¬ 
sidered.  In  the  present  section,  attention  is  given  to  the 
effects  of  the  atmosphere  on  the  dynamic  behavior  of  the 
vehicle,  We  are  concerned  here  with  the  rotational  mo¬ 
tion  of  the  vehicle  about  its  center  of  gravity  over  rela¬ 
tively  short  periods  of  time.  Six-degree-of-freedom 
equations  of  motion  are  presented  and  interpreted  in  terms 
of  body  motion  characteristics  in  the  absence  of  aerody¬ 
namic  forces  (for  example,  motion  in  the  exoatmosphere, 
where  gyroscopic  motion  is  Important)  at  low  altitudes 
where  aerodynamte  forces  dictate  the  motion  and  at  high 
altitudes  where  aerodynamic  and  gyroscopic  forces  are 
both  important.  Dynamic  motion  is  Important  in  the 
analysis  of  body  heating  and  lateral  loads,  Equations  are 
given  for  body  rotational  frequencies  that  are  observed 
on  telemetry  traces  from  on-board  equipment  or  from 
tracking  radar  signal  strength  traces.  Numerical  illus¬ 
trations  are  given  in  Examples  3  and  5,  Section  4.  0. 

The  major  conclusions  are; 

1.  In  the  absence  of  aerodynamic  forces,  a  re¬ 
entry-type  body  that  is  spun  about  its  longitudinal  axis 
will  follow  a  motion  pattern  determined  by  conditions  at 
the  initiation  of  the  spin.  If  spin  is  applied  so  that  neither 
pitch  nor  yaw  rate  is  introduced,  the  vehicle  will  main¬ 
tain  a  fixed  attitude  In  space.  If  a  pitch  and/or  a  yaw 
rate  (sometimes  the  vector  sum  is  called  the  transverse 
rate)  is  experienced  when  spin  is  introduced,  the  missile's 
longitudinal  axis  traces  a  cone  whose  apex  is  at  the  mis¬ 
sile  center  of  gravity.  The  magnitude  of  the  cone  angle 
and  the  period  of  motion  are  functions  of  the  transverse 
rate,  missile  roll  rate,  and  moments  of  inertia  about  the 
longitudinal  and  transverse  axes. 


Preceding  page  Plank 
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2.  If  the  body  contains  rate  gyros,  the  body  rate 
observed  on  the  telemetry  trace  during  the  exoatmo- 
sphorie  portion  of  flight  will  show  n  sinusoidal  trace, 

The  half-amplitude  is  the  transverse  rate  existing  at  the 
time  of  spin-up,  and  the  period  is  a  function  of  the  roll 
rate  and  the  moments  of  Inertia  about  the  longitudinal 
and  transverse  axes. 

3.  During  the  low  altitude  portion  of  the  reentry 
phase,  aerodynamic  forces  dictate  the  motion  of  the  ve¬ 
hicle.  Generally,  a  missile  reenters  the  atmosphere 
with  some  initial  angle  of  attack.  To  prevent  excessive 
lateral  loads  and  heating  problems  the  missile  is  designed 
so  that  the  aerodynamic  forces  cause  the  angle  of  attack 
to  approach  zero  rapidly.  It  Is  shown  that  for  a  sym¬ 
metrical  missile  the  angle  of  attack  follows  a  damped 
oscillatory  motion  provided  certain  static  and  dynamic 
stability  criteria  Rre  met.  The  frequency  of  the  oscilla¬ 
tion  is  called  the  aerodynamic  frequency.  This  frequency 
increases  from  zero  at  reentry,  reaches  a  maximum,  and 
then  (depending  upon  the  trajectory  and  reentry  conditions) 
decreases  until  impact. 

4.  At  high  altitudes,  both  aerodynamic  and  gyro¬ 
scopic  moments  are  Important,  The  gyroscopic  moments 
tend  to  maintain  the  body  at  a  fixed  altitude;  the  aerody¬ 
namic  moments  tend  to  rotate  the  body  so  that  zero  angle 
of  attack  is  maintained.  Typically,  gyroscopic  motion 
predominates  at  altitudes  above  about  300  000  feet;  aero¬ 
dynamic  moments  predominate  at  altitudes  below  about 
100  000  feet;  both  effects  are  important  at  the  intermediate 
altitudes. 
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In  Section  4.  3  the  body  was  constrained  to  motion 
along  a  straight-line  flight  path.  Therefore  the  equations 
of  motion  were  reduced  to  a  one-degree-of-freedom  prob¬ 
lem,  In  this  section,  we  consider  the  six-degree-of-free- 
dom  problem.  However,  the  equations  are  simplified  by 
making  the  following  assumptions: 

1.  The  effect  of  gravity  will  be  neglected. 

2,  The  body  is  assumed  to  have  symmetry  about 
the  longitudinal  axis. 

The  primary  Interest  in  this  section  is  to  consider 
how  the  body  behaves  over  a  relatively  short  time  span. 
For  this  purpose  the  effect  of  gravity  may  be  shown  to  be 
very  small,  By  assuming  the  body  to  be  symmetric  about 
the  longitudinal  axis,  the  principal  axes  coincide  with  the 
body  axes, and  the  equations  of  motion  are  simplified 
since  the  product-of-inertia  terms  are  zero. 

The  equations  of  motion  are  presented  in  a  body 
axis  system  (Fig.  4-11)  which  remains  fixed  with  respect 
to  the  body.  The  body  rate  terms  in  the  equations  of  mo¬ 
tion  are  the  rates  sensed  by  rate  gyros  mounted  in  a 
vehicle;  the  body  translational  acceleration  terms  are 
those  that  would  be  measured  by  accelerometers  mounted 
at  the  vehicle  center  of  gravity.  The  six  equations  de¬ 
fining  the  six  degrees  of  freedom  are; 


f>Ix  =  1  -  dr(Iz  -  Iy) 

(4. 4-1) 

*Uy  =  m  -  pr(I  -  Iz> 

(4.4-2) 

Mz  =  n  -  pq(Iy  -  ly.) 

(4.4-3) 

Fxg 

fi  =  ■■■--—  +  vr  -  wq 
w 

(4. 4-4) 
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(r  =  -X-  +  v/p  -  ur 

w 

F  g 

^  =  -f -  +  uq  -  VP  , 

The  auxiliary  equations  required  are; 

t  =  M  p 
P 

m  =  F„AX  +  M  q 
Z  q 

n  =  -F,_AX  +  M  r 
Y  r 


(4. 4-5) 

(4.  4  “(i) 

(4.  4-7) 
(4,4-8) 
(4.4-9) 

(4.  4-10) 

(4. 4-11) 
(4.4-12) 

(4.  4-19) 

(4.4-14) 

(4.4-15) 
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4.  4.  1  Zero  Aerodynamic  Forces 


Consider  first  the  case  of  flLght  in  the  exontmo- 
sphere  where  nil  aerodynamic  terms  are  zero.  In  this 
region  only  gyroscopic  effects  exist. 


Since  tin’  body  is  assumed  to  be  symmetrical, 

*Z  3  *Y  anc*  ®q.  (4.4-1)  reduces  to  the  condition  where 
p"*  equals  a  constant.  Differentiation  of  Eq.  (4,4-2)  gives: 


Substituting  for  f  from  Eq.  (4,4-3)  and  noting  that 


(4.4-17) 


The  solution  to  this  differential  equation  la: 

rx 

q  =  OJ  cos  p(l  -  y-)  t  +  0  . 

*Y 

If  time  is  measured  from  the  time  when  q  =  qmax,  then 
$  =  0  and 

ix 

q  =  WT  cos  p(l  -  —•)  t  (4.4-18) 


£,  =  -coTp(l  ~)  sin  p(l  -  ~)  t 
Y  Y 
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Substituting  into  Eq,  (4,4-2): 

lx 

r  »  -w  sin  p(l  -  =£•)  t  (4.4-19) 

ly 

.  ■  .  C|2  +  r2  =  ojy2  .  (4.  4-20) 

Therefore,  the  pitch  or  yaw  rate  measured  by  a  rate  gyro 
mounted  on  a  vehicle  is  a  sLnusoidal  oscillation  of  half¬ 
amplitude  cuT  having  a  frequency: 

K 

u>  =p(l-~)  .  (4.4-21) 

g  Y 

This  equation  is  convenient  for  checking  the  cali¬ 
bration  constant  for  the  roll  rate  gyro  in  flight  test  work. 
The  term  is  sometimes  called  the  body  transverse 
rate. 


The  solution  to  the  equations  of  motion  in  body 
nxos  provides  information  regarding  the  time  history  of 
quantities  that  may  be  sensed  by  "on-board"  instrumenta¬ 
tion,  but  no  Information  is  provided  on  the  motion  of  the 
vehicle  in  space. 

The  motion  in  space  is  obtained  by  solving  the 
equations  of  motion  written  in  the  inertial  axis  system. 

It  is  shown  (Ref.  4-2)  that,  in  the  absence  of  aerodynamic 
forces,  the  motion  of  the  body  may  be  described  physically 
as  a  "body  cone"  rolling  along  a  "space  cone"  (or  "cone 
of  precession"),  as  shown  in  the  sketch,  page  141. 
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The  centerline  of  the  Bpace  cone  is  the  angular 
momentum  vector  which  remains  fixed  in  space.  The 
centerline  of  the  body  cone  is  the  vehicle's  longitudinal 
axis  of  symmetry  (roll  rate  axis).  The  semicone  angle 
of  the  body  cone  is  defined  by  the  equation: 

ojt 

tan  €  =  — i-  (4.  4-22) 

P 

The  angle  between  the  body  centerline  and  the  centerline 
of  the  space  cone  is  constant  and  is  given  by: 

tan  0  ■  —  (4.  4-23) 

p  XX 

where  is  defined  by  Eq,  (4,  4-20),  It  should  be  noted 

r  "  — ■  ■ 

2  2  2 

that  the  magnitude  of  the  total  spin  vector,  u>  =\p  +  q  +  r  , 
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is  constant  and  lies  along  the  space  cone  surface,  Assum¬ 
ing  a  positive  roll  rate  and  1^  <  Iy,  the  body  centerline 
rotates  about  II  In  a  clockwise  direction  (as  shown  above) 
when  viewed  by  an  observer  looking  toward  +H,  The  trans¬ 
verse  rate  vector  rotates  about  the  body  centerline  so  that 
the  period  is  given  by. 

tb  TT-  (4-,-24> 

(1  -  ~)P 
Y 

and  corresponds  to  the  frequency  given  previously  in  Eq, 
(4.4-21),  The  body  centerline  processes  about  the  Bpace 
cone  with  a  period: 

- — -  .  (4,4-25) 

2p  VTT^T# 

Y 

For  reentry  bodies  of  current  design,  ts  is  an 
order  of  magnitude  greater  than  r„. 

JO 

The  utility  of  the  physical  picture  described  above 
may  be  illustrated  by  the  following  example.  Suppose  we 
wish  to  determine  the  coring  motion  for  a  specified  set  of 
conditions  at_ reentry,  In  particular,  select  a  condition  at 
t  n  0  where  ct  =  a Q  and  lies  in  the  body  XZ  plane,  which  is 
the  plane  of  the  trajectory.  Consider  first  the  case  of 
qD  =  0  and  r  =  r  ,  where  rQ  is  positive  and  may  be  repre¬ 
sented  by  a  vector  along  the  +Z  body  axis.  Since  co  lies 
on  the  surface  on  the  space  cone  and  the  body  cone  is  ex¬ 
ternal  to  the  space  cone,  the  angular  momentum  vector 
lies  in  the  trajectory  plane  and  a  varies  from  (a  maxi¬ 
mum  value)  to  a0  -  20  (a  minimum  value).  Similarly,  if 
r0  is  negative,  a  varies  from  a0  (a  minimum  value)  to 
a  maximum  value  of  a0  +  20,  The  body-fixed  Y-axis  at 
t  =  0  is  directed  toward  the  right  of  the  trajectory  as  viewed 
by  an  observer  looking  toward  the  Impact  point.  Therefore 
for  an  initial  condition  of  pitch  rate  only,  if  q0  is  positive. 
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the  angular  momentum  vector  ta  directed  to  the  right  of 
the  trajectory  so  that  the  nose  of  the  vehicle  remains  in 
or  to  the  right  of  the  trajectory  plane,  Similarly,  if  qQ 
is  negative,  the  vehicle  nose  is  always  in  or  to  the  left 
of  the  trajectory  plane. 

4.4.2  Zero  Gyroscopic.  Forces 

Consider  next  the  case  where  the  aerodynamic 
terms  are  much  greater  than  the  gyroscopic  terms  (body 
rate  terms).  In  addition  we  wLll  make  the  following  as¬ 
sumptions: 

1.  The  trajectory  region  of  interest,  is  over  a 
very  short  time  period  so  that  the  dynamic 
pressure  is  constant. 

2.  The  roll  rate  is  zero. 

3.  The  pitching  motion  is  planar  (i.  e.  ,  only 
pitch  or  only  yaw  motion), 

4.  ct  is  small  so  that  the  use  of  linearized  deriva¬ 
tives  is  valid,  and  cos  a  «  1 ;  sin  71  «=  a, 

Suppose  that  at  some  golnt_ along  the  trajectory  the 
vehicle  \r  perturbed  to  some  ot  a  otQ.  We  wish  to  study  the 
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resulting  motion  of  the  vehicle  under  the  Influence  of  just 
aerodynamic  forces.  The  geometry  ot  the  trajectory  Is 
shown  in  the  diagram. 


Prom  Eqs.  (4.  4-2)  and  (4.  4-8): 
i,I  *  F « AX  +  M  q  . 

X  ta  M 

From  the  geometry  of  the  trajectory: 

6  ■  y  +  a 

* 

0  S  q  ■  y  +  a 
1 1 

0  =  *  y  +  0! 

From  Eqs.  (4.  4-6)  and  (4.4-26),  using  a  small  a  approxi 
mation,  and  noting  that  u  =  V  cos  n  and  w  =  V  sin  a,  it 
may  be  shown  that: 

F  c 

1  _ _ 2S.  .  (4.4-2 

7  WV 


(4.4-26) 
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For  statically  stable  vehicles,  1<2  is  positive,  and  the  solu 
tion  to  Eq,  (4.  4-29)  is: 


1 — 17  , 

r  7^ 

2 

sin  t 

k2  -  ~r  +  c2  coa 

k2  *  T" 

where  and  C,,  are  arbitrary  constants  defined  by  the 

initial  conditions.  Let  ft  =  rv0  and  n  =  0  at  t  =  0  so  that 
C‘2  =  F0  and  Cl  =  0  and  Eq.  (4.  4-33)  becomes: 


(4.4-34) 


Therefore,  for  a  statically  stable  vehicle,  the  ft  history  is 
oscillatory  and  is  damped  (converges  to  r.ero)  provided 
k^  >  0.  If  k.  <  0,  ft  diverges  even  though  the  vehicle  is 
statically  stable.  Some  flight  tests  of  reentry  vehicles 
have  been  observed  to  exhibit  this  type  of  ft  divergence. 

To  assure  n  convergence,  then: 


>  0  or  AX  >  0 


k,  >  0  or  C,T 
1  N 

ft 


C 

m 

q 


md2 


>  0 


static  stability 
dynamic  stability 


(4. 4-35) 


The  frequency  of  the  oscillation  Is  given  by  the 
equation: 
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Far 


most  bodies 


» 


and  the  frequency  becomes: 


(4.  l-.U,) 


This  frequency,  called  the  aerodynamic  pitch  fre¬ 
quency,  is  of  great  importance  in  the  motion  of  reentry 
bodies  as  will  bo  shown  later.  It  should  be  noted  that 

ui  >  is  zero  at  reentry  (c,  =  0}  and,  for  constant  Cm  and 
■'  '  'V 

AX,  uk  is  proportional  toVq  . 

A  solution  to  the  equations  of  motion  (Ref,  4-3), in 
which  the  dynamic  pressure  was  allowed  to  vary,  shows 
only  small  differences  from  the  results  given  above  ex¬ 
cept  for  very  blunt  bodies  and  nearly  zero  values  of  \X. 

The  aerodynamic  frequency  may  be  evaluated  as 
a  function  of  altitude  (T,  K)  using  equations  derived  in 
Section  4.  3.  From  Eqs,  (4.  3.  8)  and  (4.  4,  36); 


V  “CAI  AXm  sin  (-7) 

4  _ _ a _  _K_ 

-A  -  2CaV  eK 


(4.  4-37) 


4.4.  3  Nonzero  Gyroscopic  and  Aerodynamic  Forces 

At  very  high  altitudes  the  dynamic  motion  of  the 
body  is  governed  by  the  gyroscopic  terms  In  the  equa¬ 
tions  of  motion;  at  low  altitudes  where  the  dynamic  pres 
sure  is  high,  the  aerodynamic  forces  predominate.  We 
look  next  at  the  transition  from  one  region  to  the  other. 

Using  the  equations  of  Ref.  4-3  and  the  reentry 
characteristics  given  in  Sectlon_4,  3,  it  may  be  shown  that 
for  p  =  q  =  r  =  0  at  reentry  the  ry  history  is  defined  by  the 
equation: 
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K 


.  4-3 


O', 

L  exp 


where  JQ(X)  is  the  zero  order  Bessel  function  of  (he  first 
kind  plotted  in  Fig.  4-12.  Writing  in  terms  of  K 
using  Eq.  (4,4-37): 


K 


4C 


(C 


A 


N 

Cv 


C 


rn 


mci 
n  lY 


2Ca) 


a 


2  “-a" 

V^,  sin  y 


(V 


i7r55r 

2Hm  a 
siny  CAIy 


K 


exp 


_ K 

4C 


r( 


CN  -C...  ,v 
«  q  Y 


zi-2c' 

tn  I,,  A 


(4.  4-39) 


Therefore,  for  a  given  vehicle  and  trajectory,  the  a 
history  is  a  function  of  P  and  T  only  and  P  is  the  pre¬ 
dominant  factor.  Even  without  the  exponential  damping 
function  in  the  denominator  ofJBq.  (4.  4-39),  the  a  history 
is  a  damped  oscillation  about  a  =  0,  and  the  frequency  is 
the  aerodynamic  frequency,  For  conditions  near 

entry  (^—  1 ),  K  0  so  that  the  exponential  term  in  Eq. 

aE 

(4,  4-39)  se  1,  and  writing  K  in  terms  of  P: 


2SH 


E 


.  2, 

g  sin  y 


TV-25T 

a 


■  J  (X) 
o 


(4.  4-40) 


Equation  (4.  4-40)  may  be  used  to  determine  the  altitude 
(P)  at  which  the  atmosphere  begirds  to  affect  the  body 
motion,  Arbitrarily  selecting  a/a-g  =  0.  99  as  the  condi¬ 
tion  when  the  atmosphere  begins  to  affect  the  body  motion, 
from  the  Bessel  function  tables, the  argument,  X,  corre¬ 
sponding  to  a  fa  g  =  0.  99  is  0.  2. 
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2 

0,  02  I  g  sin  y 
SHC’  ,  AX 


(4.4-41) 


The  altitude  for  tho  first  peak  in  ot  corresponding  to 
X  =  3.  83  shown  in  Fig.  4-12  maybe  obtained  from: 


P  = 


7.  34  I  g  sin2  y 

SHCn  ax 
a 


(4.4-42) 


The  a  envelope  could  be  obtained  directly  from 
J0(X)  tables;  however,  for  fy/rvE  less  than  about  0.  8, 
JQ(X)  is  approximated  quite  closely  by  the  equation; 


J  (X)  = 
o 


cos  (^  -  X) 

~w~ 


(4.4-43) 


Therefore,  the  envelope  corresponding  to  Eq.  (4.4-38)  is: 


FV^y 

-  \  ™AU 


E 


where 


,  /CN  Cm  ,2  V 

p  .1  _ a _ q  md_  _  ,  ] 

3  “I  \  CA  CA  Iy  V 


(4.4-44) 


(4.4-45) 


and  is  primarily  the  aerodynamic  damping  term.  At  high 


K  C3K 
altitudes  where  e  and  e  «sl: 
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1/4 

,  (4.4-40) 


The  a  convergence  at  high  altitudes  is  a  function  of  body 
mass  characteristics  (ty,  S,  Xc  „  ),  aerodynamic  char¬ 
acteristics  (Cp^,  XC  p  ),  type  of  trajectory  (y),  and  atmo¬ 
spheric  properties  (T,  P).  For  a  given  trajectory,  mass, 
and  aerodynamic  characteristics,  ot  la  Inversely  propor¬ 
tional  to^/~TP  or  approximately  to^/^P.  For  a  given  _ 
mass,  aerodynamic  characteristics,  and  altitude,  the  a 
convergence  i_s  proportional  to  Vsln  y.  That  is,  at  a  given 
altitude,  the  «  for  a  shallow  trajectory  will  have  con¬ 
verged  more  than  that  for  a  steep  trajectory.  Increasing 
anc*  AX  tends  to  increase  the  convergence  at  a  given 

altitude;  increasing  Iy/S  tends  to  decrease  the  conver¬ 
gence. 

If  p  t  0  at  reentry,  the  early  a  history  is  changed. 
The  gyroscopic  terms  tend  to  maintain  the  body  motion 
about  the  angular  momentum  vector,  which  is  fixed  in 
space  and  usually  is  not  directed  along  the  velocity  vector, 
The  aerodynamic  terms  tend  to  cause  oscillation  about 
the  velocity  vector.  A3  a  result,  Ln  the  initial  phase  of 
reentry,  a  oscillates  about  an  angle  of  attack  which, 
itself,  is  gradually  reduced  as  the  aerodynamic  forces 
Increase.  The  equations  defining  a  and  j3  for  the  case 
of  oj'p  =  0  are  (Ref,  4-4): 

a  a  A  cos  cot  ) 

(4.4-47) 

0  ■  -A  sin  cot  J 
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aE 


A 


/  2  / 1  !X  \  ,1  ^X  I 


(4. 4-48) 


kMiW 


-  I  2  (  \  lx  \  1  XX 

W  =  \K  +\2LP/  '2E 


(4.4-49) 


1  !X 


In  tlie  Initial  phase  of  reentry  where  co^  <<:  ■£  j“  P»  the 
a  envelope  Is  given  by:  Y 


E 


(4.4-50) 


1  lX 


Where  Is  not  small  compared  to  p,  it  may  be 

shown  (Ref.  4-5)  that  the  ratio  a  with  roll  to  a  without 
roll  is  given  by  the  equation: 


V. 


a 


tanh  a 


(4.4-51) 


p«0 


-TT  HPlX 
a  =  ~2  VE  Iy  sin  y 


(4.4-52) 


For  values  of  a  greater  than  about  3,  tanh  a  =  1,  and  the 
a  history  corresponding  to  Eq.  (4.  4-44)  is: 
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a 


J 


1  2i  JL 

2  !y  wa 

C3K 


(4.  4-53) 


Therefore,  at  high  altitudes  where  e  '  ss  1 ,  the  a  enve¬ 
lope  converges  to  a  *  0  In  proportion  to^p/w^. 

For  a  nonrolling  vehicle  at  reentry,  a  begins  to 
decrease  when  the  aerodynamic  moment  Is  sufficiently 
high, and  this  altitude  can  be  estimated  using  Eq.  (4.4-41). 
For  a  rolling  vehicle,  ry  beginB  to  decrease  when  the  aero¬ 
dynamic  moment  Is  significant  relative  to  the  gyroscopic 
moment.  This  altitude  may  be  estimated  using  Eq.  (4.4-50) 

and  solving  for  at  °  0*  99,  so  that: 

*E 


00  A  Iv 

-A  s  0.1  ~  .  (4.  4-54) 

P  ly 

Substituting  for  co^2  using  Eq,  (4,4-37)  and  assuming 
eK  a  i ; 


0 


F 

RT 


0.  021  2 

P 

IycN  4XSVe 


(4.  4-55) 


A  rapid  convergence  In  a  Is  desirable  In  order  to 
prevent  excessive  lateral  loads  resulting  from  the  ag. 
The  lateral  load  factor  is  given  by: 


g 


L 


a 

aE 


(4.4-56) 
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For_a  nonrolling  vehicle,  using  o/og  from  Eq.  (4.4-44) 
and  q  from  Eq.  (4,  3-8),  it  may  be  shown  that  the  maximum 
envelope  of  gj^  is  given  by: 


gL  v e  8ln>  [-  h 


r.  3  1/4 

(  !y  V  h2  )}  k*1' 


(4.  4-57) 


c  .i  r  afa 

4  2  MCA  CA 


.  75  ,  (4.  4-58) 


Neglecting  the  small  variation  in  H  with  K,  the  maxi¬ 
mum  occurs  at: 


K  J1 
K  4  C. 
4 


(4. 4-59) 


Using  Eq.  (4.  4-59)  and  substituting  for  the  constants  in 
Eq.  (4.  4-57),  the  magnitude  of  (gT  /eL,)  is  given  by: 

^  “  max 


(-) 


0.  128  -=-( 

«H 


«■“"  *1^)  [&*) 


(4.  4-60) 


where 


_  i  ,  1  ~  1„  md  „  n 

5  2  A  1  N  4  m  Iv  A4 

a  q  Y 


(4. 4-61) 
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In  evaluating  Eq.  (4.4-60),  must  be  in  radians. 

The  corresponding  equations  for  a  rolling  vehicle 
at  reentry  are; 


(4.  4-ca> 


and 


(4.  4-63) 


The  maximum  vnlue  of  g^  for  a  rolling  vehicle  also  occurs 
at  K  -  |  ~  . 

The  ratio  of  maximum  g l  for  a  rolling  vehicle  to 
maximum  gr  for  a  nonrolllng  vehicle,  obtained  from  Eqs. 
(4.  4-60)  ana(4,  4-63),  is; 


1.  25 


Jp«0 


-Hp  21 
VEsiny  IY 


1/2 


(4. 4-64) 
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Symbol 

A 

u ‘  a  1 1  ^2 


C1'C2 
c.  g, 


c.  p. 

D 

d 


F 


SYMBOLS  FOR  SECTION  4.  :i 

Definition 

amplification  factor  in  angle  of  attack 

constants  defined  by  Eqs.  (4.  f . - 8 2 ) , 

(4.  5-87),  and  (4.  5-88) 

axial  force  coefficient 

roll  moment  coefficient,  1/qSd 

roll  damping  coefficient,  9C^/a(pd/V) 

pitching  moment  coefficient,  m/qSd 
pitching  moment  coefficient  at  oi  -■  0 


pitch  damping  coefficient,  8Cm/5(qd/V) 

normal  force  coefficient 
yawing  moment  coefficient  at  0  *  0 

dC  /da 
N 

constants  in  Eq.  (4,5-110) 
center  of  gravity 
center  of  pressure 

damping  function  defined  by  Eq,  (4.  5-20) 
reference  diameter 


asymmetry  factor  defined  by 
Eq.  (4,5-72) 


Typical  Units 


rad/sec 

feet 

pounds 


Preceding  page  blank 
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Symbol 

Definition 

Typical  Units 

FX'  V  Fz 

forces  along  the  X,  Y,  Z  body  axes 

pounds 

CN  <S 

O ! 

lb/ rad 

F(X,  D) 

function  defined  by  Eq.  (4.  6-47) 

- 

£'  i  F 

1*  2 

factors  defined  by  Eqs.  {4.  5-62) 
and  (4. 5-73) 

_ 

F  ,  F 

3'  4 

factors  defined  by  Eq.  (4,  5-125) 

- 

G 

roll  amplification  factor  defined  by 

Eq.  (4.5-37) 

- 

gr 

G  required  for  roll  "lock-in" 

- 

G1 

roll  amplification  factor  defined 
by  Eq.  (4.5-80) 

- 

8 

acceleration  of  gravity 

ft/sec2 

gX 

longitudinal  acceleration 

g 

G1'G2 

roll  amplification  factors  defined  by 
Eqs.  (4.  6-81 )  and  (4.  5-84) 

- 

H 

scale  height.  RT/g 

feet 

h 

altitude 

feet 

*v'  ^Y*  *Z 

moments  of  Inertia  about  X,  Y,  Z  axes 

slug-ft2 

1  , 1  ,  I  products  of  inertia  about  X,  Y,  Z 

XY  XZ  YZ  axes  (Eqs.  (4,  5-99)  to  (4,  5-101)) 

,  2 
slug-ft 

K 

-P/O  sin  y) 

- 

k,  k.^ 

constants  defined  by  Eqs.  (4.  5-59) 
and  (4. 5-60) 

- 

t,  m,  n 

aerodynamic  moments  about  X,Y,Z 

lb -ft 

l  ,  m  ,  n 

O  0  o 

asymmetric  moments  about  X,  Y,  Z 

lb -ft 

M 

Mach  number 

- 

M 

P 

roll  damping  moment/p 

lb-ft-sec 
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Symbol 

Definition 

( X 

total  vector  angle  of  attack  = 

"6 

V7T7 

+0 s' 

angle  of 

attack  in  the  XY  plane 

or 

ballistic  coefficient, 

w/cAs 

angle  of  attack  resulting  from  6 

in  the  XY  plane  at  X  -  » 

6 

inclination  of  principal  axis  In  the 

r y 

XZ  plane 

6. 

inclination  of  principal  axis  in  the 

|3 

XY  plane 

6 

I  2  .  2 

ts0 

c 

angle  defined  by  Eq. 

(4.  5-83) 

y 

reentry  flight  path  angle,  always 

negative 

or 

ratio  of  specific  heat,  1. 4 

0 

space 

cone  half-angle 

or 

angle  defined  by  Eq, 

,  (4. 5-31) 

0 

.  -1  c.  g. 
sin  — — *- 

X 

P  r/aA 

O' 

°M 

i 

A 

"1 

COS 

'<%  r,d)min' 

a  r/d 
*"  0 
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Typical  Units 

radians 

radians 

radians 

lb /ft2 

radians 

radians 

radians 

radians 

degrees 

degrees 

degrees 

degrees 

degrees 

degrees 
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Symbol 


Definition 


Typical  Units 


0 

A^i 


Ts 

“A 

til 

e 

*• 

Subscripts 

c.g. 

E 


e 

i 

M 


max 

min 

o 

R 

S.  L. 


angle  defined  in  Section  4.  5.  1 

degrees 

angle  defined  in  Section  4.  5.  1 

degrees 

period  of  oscillation 

seconds 

aerodynamic  pitch  frequency 

rad/sec 

P(1  ‘  Ix/Iy) 

rad/sec 

transverse  rate  vector,  q  r 

rad /sec 

refers  to  c.  g,  or  is  caused  by  c.  g.  offset 
refers  to  reentry  condition 
refers  to  equilibrium  condition 

refers  to  conditions  at  t  »  0  or  to  an  elementary  quantity 

caused  by  asymmetric  moments 

refers  to  maximum  value 

refers  to  minimum  value 

refers  to  conditions  at  p  =  0 

refers  to  resonance  conditions 

refers  to  sea  level  conditions 


A  dot  over  a  symbol  means  the  first  derivative  with  respect  to  time. 

Two  dots  over  a  symbol  means  the  second  derivative  with  respect  to  time. 
An  arrow  over  a  symbol  means  a  vector  quantity. 
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SUMMARY  AND  CONCLUSIONS 


A  reentry  body  is  normally  spun  about  Its  longitudi¬ 
nal  axis  to  provide  stability  during  the  exoatmospheric 
phase  of  flight  and  to  reduce  dispersion  resulting  from 
phenomena  that  occur  during  reentry.  Ideally,  the  roll 
rate  remains  nearly  constant  during  reentry,  However, 
under  the  influence  of  mass  and  aerodynamic  asymmetries, 
the  roll  rate  tnay  change  radically.  Under  certain  condi¬ 
tions  the  roll  rate  may  change  so  that  the  roll  rate  and  the 
aerodynamic  pitch  frequency  are  nearly  the  same  for  long 
intervals  of  ttme.  When  this  occurs  the  roll  rate  is  said 
to  "lock-in"  with  the  aerodynamic  frequency,  This  situa¬ 
tion  is  sometimes  disastrous  since  the  angles  of  attack 
and  thus  the  lateral  loads  become  very  large,  The  load¬ 
ing  situation  may  be  aggravated  further  by  aerothermo- 
elastlc  interaction.  On  the  other  hand,  the  asymmetries 
may  cause  the  magnitude  of  the  roll  rate  to  decrease  and 
change  sign.  In  this  case  the  missile  will  be  driven  off 
course  in  proportion  to  and  in  the  direction  of  the  lateral 
loads  existing  at  the  time  the  roll  rate  is  nearly  zero. 

Even  if  the  roll  rate  passes  rapidly  through  zero  roll  rate, 
the  impact  dispersion  may  be  excessive  for  high  perfor¬ 
mance  vehicles, 

The  six-degree-of-freedom  equations  are  modified 
to  Include  various  types  of  asymmetry,  and  the  conditions 
under  which  excessive  loads  and/or  dispersion  may  exist 
are  discussed. 

The  major  conclusions  are: 

1.  The  effects  on  body  motion  of  aerodynamic 
asymmetries  (abnormal  pitching,  yawing,  and  rolling 
moments,  and  center  of  pressure  offset  from  the  longitudi¬ 
nal  axis  of  the  missile)  and  mass  asymmetries  (center  of 
gravity  offset  from  the  longitudinal  axis  of  the  missile, 
products  of  Inertia,  and  unequal  pitch  and  yaw  moments 
of  inertia)  are  considered.  All  asymmetries  considered 

Preceding  page  blink 
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have  some  effect  on  body  motion.  However,  for  reason¬ 
able  magnitudes  of  asymmetry,  the  effects  of  unequal  pitch 
and  yaw  moments  of  inertia  are  negligible,  the  effects  of 
any  one  of  the  other  asymmetries  are  small,  but  the  ef¬ 
fects  on  vehicle  performance  of  some  combinations  of  the 
asymmetries  may  be  catastrophic. 

2.  Unacceptable  vehicle  performance  Is  likely  if 
either  resonance  (resulting  in  large  lateral  loads)  or  zero 
roll  rate  (resulting  in  large  impact  dispersion)  occurs 
during  reentry.  In  either  case  the  asymmetries  must 
cause  both  a  trim  angle  of  attack  and  a  roll  torque.  There¬ 
fore,  a  center  of  gravity  offset  combined  with  either  an 
asymmetric  pitching  (or  yawing)  moment  or  with  nonzero 
products  of  inertia  or  a  pure  rolling  moment  asymmetry 
combined  with  either  of  these  asymmetries  is  apt  to  re¬ 
sult  in  unacceptable  performance. 

3.  The  conditions  under  which  adverse  performance 
is  likely  to  occur  are  dependent  upon  many  variables  so 
that  each  vehicle  must  be  analyzed  separately.  Neverthe¬ 
less,  the  following  trends  may  be  stated.  The  probability 
of  encountering  difficulties  resulting  from  combined  asym¬ 
metries  Lb  increased  for  missiles: 

o  Having  low  stability  margin 

o  Having  resonance  at  an  altitude  near  maximum 
dynamic  pressure 

o  Having  low  normal  force  per  degree  angle  of 

attack  and/or  a  low  pitch  damping  moment 

o  Flying  shallow  trajectories 

o  Having  slender  shapes 

o  Having  small  dimensions. 

4.  Detailed  equations  are  presented  for  evaluating 
the  probability  of  encountering  "lock-in"  or  spin  through 
zero  roll  rate  for  a  missile  of  any  arbitrary  design.  Com¬ 
ments  are  made  regarding  the  accuracy  of  these  equations. 
Illustrations  of  the  use  of  these  equations  are  given  in  Ex¬ 
amples  5,  6,  and  7,  Section  4.  6. 
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In  the  derivation  of  the  equations  given  in  Section 

4.  4,  it  was  assumed  that  the  body  was  symmetrical.  We 
consider  next  the  effects  on  vehicle  motion  of  asymmetry 
in  mass  and  external  shape. 

Asymmetries  in  mass  and  external  shape  result 
from  design  and  manufacturing  tolerances  or  from  in¬ 
flight  phenomena  and  may  cause  one  or  more  of  the  follow 
ing  anomalies: 

Aerodynamics 

1.  A  change  in  normal  force  characteristics 

2.  A  change  in  pitching  moment  characteristics 

3.  A  lateral  shift  in  center  of  pressure 

4.  A  pure  roll  torque. 

Mass 

5.  A  lateral  shift  in  center  of  gravity 

6.  Nonzero  products  of  inertia 

7.  Unequal  pitch  and  yaw  moments  of  inertia. 

The  effect  of  asymmetries  on  normal  force  Is 
usually  negligible  but  the  effect  on  the  pitching  moment 
is  very  significant.  A  lateral  shift  in  the  center  of  pres¬ 
sure  has  the  same  effect  as  a  lateral  shift  in  the  center 
of  gravity,  and  these  two  effects  will  be  combined  in  the 
following  discussion,  For  convenience,  the  effect  will  be 
referred  to  as  a  center  of  gravity  offset  effect,  but  it  Is 
important  to  remember  that  the  same  effect  results  from 
a  center  of  pressure  offset.  This  section  will  be  limited 
to  the  following  asymmetries: 

1.  Asymmetric  moment,  m0  and  nQ 

2.  Center  of  gravity  offset,  Z„  _  and  Y 

8*  c.  g, 

3.  Nonzero  products  of  Inertia,  I^Y  and 
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4.  Unequal  pitch  and  yaw  moments  of  Lnertla 

5,  Pure  roll  torque, 

The  asymmetries  have  negligible  effect  on  all  portions  of 
the  trajectory  except  for  the  reentry  phase. 

To  account  for  the  asymmetries,  the  equations 
given  in  Section  4.4  must  bo  modified  to  the  following  (see 

the  sketch  on  page  170); 


f>  lx  -  l  *  qr(I2  -  Ly)  *  -  pr)  +  1^(1  +  pq)  +  ^(q2  -  r2) 

b  ly  '  m  -  pr(lx  -  Iz)  +  Ixy({>  +  rq)  +  lxz<r2  -  p2)  +  IY2,(t  -  pq) 

t  lz  *  n  ■  pq(ly  -  Ix)  +  lxy(p2  -  q2)  +  lxz(|>  -  rq)  +  Lyz(Ji+  pr) 

i  ■  M  p  +  F  Z  „  -  F  Y  +  I 
p  Y  C.  g,  Z  Cl  g.  0 

m  -  F  AX  +  M  q  -  FVZ  +  tn 
Z  q  X  c,  g,  o 

n  >  -  FVAX  +  M  r  +  FVY  +  n 
Y  r  X  c.  g.  o 


(4.8-1) 

(4.8-2) 

(4.8-3) 

(4.8-4) 

(4.8-5) 

(4,8-6) 


4.  5. 1  Effect  of  Asymmetric  Moment 


Assuming  that  only  an  asymmetric  moment  (mc 
and  nQ)  exists,  Eq.  (4,  5-1)  reduces  to; 


Wx  *  V  ■ 


(4.5-7) 


Therefore  the  roll  rate  decreases  slightly  under  the  in¬ 
fluence  of  viscous  damping,  M  .  The  trim  equations 
(^«h0)  become;  P 


F„AX  +  M  q  +  m  8  pr(I  -  I  )  . 
Z  q^  0  X  Z 


(4.5-8) 


-FyAX  +  Mrr  +  nQ  =  pq(Iy  -  lx>  . 


(4.5-9) 
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Consider  first  the  trim  conditions  for  p  ■  0.  The  pitch 
clamping  terms  are  negligible  for  t.hLs  case,  and  the  trim 
equations  become: 


F 


Z 

o 


(4.  5-10) 


(4.  5-11) 


Writing  F-y  and  F2  In  terms  of  a  and  0  (Eqs.  (4,4-13) 
to  (4,  4-15))  and  expressing  mQ  and  n0  In  coefficient  form 

<mo  3  cm0^sd  and  no  '  Cn0^sd): 


a 


o 


AX 


N  d 
rv 


(4.  5-12) 


o 


C 


AX 
N  T 


(4,  5-13) 


The  total  angle  of  attack  Is; 

2  .  /„  \ 2 


a 


(c"0 


1/2 


m 


c 

CN  T 
a 


C  ^ 
a 


(4.5-14) 


and  the  plane  of  «0  defined  by  the  direction  of  F0  is  given 
by  the  equation: 


cot  i b 
Yo 


(4.5-15) 
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Note  that  for  ■  0°  to  90°  0  is  -  Bnd  a  is  - 

■  90°  to  1 80°  j3  Is  +  and  a  lb  - 

*  180°  to  270*  0  is  +  and  a  Is  + 

»  270®  to  360*  0  Is  -  and  a  Is  + 

The  angle  ip0  also  defines  the  plane  of  the  asym¬ 
metry,  _That  Is,  for  zero  roll  rate  the  total  angle  of 
attack,  aQ,  is  In  a  plane  containing  the  asymmetry.  For 
example,  if  the  asymmetry  results  from  a  flat  spot  on 
the  body,  the  flat  Is  located  at  a  circumferential  location 
i/j  ■  0  or  $  n  ipQ  +  180®  (depending  upon  the  fore  and  aft 
location  of  the  asymmetry), 

The  effect  of  roll  rate  is  to  modify  the  magnitude 
of  a  and  to  cause  the  total  lateral  force  to  be  rotated  out 
of  the  plane  of  the  asymmetry,  These  effects  are  given 
by  the  following  equations  (Hof,  4-6)  based  on  theory 
given  in  Refs.  4-7  and  4-8. 
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A  •  |SL|  . 

% 

tan  Aip  =  - (4.  5-17) 
1  -  X“ 


(l  -  x2)  +  n¥ 


(4,  5-16) 


A  cos  Aip  = 


1  -X‘ 


A  sin  Aip  = 


2  2  2 

(1  -  X  )  +  DV 


-DX _ 

9  2  2  2 

(1  -  x“>  +  DV 


F 

i 

mV 


D  = 


'  /  Iv\  M 

i  i  -  ,2£ )  — a 
lV  ;  lx 

E 

1  “  T 


x 

Y 


(4. 5-18) 


(4.5-10) 


(4.5-20) 


P Jl  " 


X  - 


co , 


Jl 

ty  Pr 


CO  , 


(4. 5-21) 


From  Eq.  (4.5-10)  It  Is  apparent  that  the  amplifi¬ 
cation  factor  Increases  from  1  at  X  3  0  to  a  maximum  value 


D2(l 


D 


-1/2 

at  X 


and  then  decreases  to 


0 


at  X*4  *.  Thus,  at  X  greater  than  about  V"T (depending 
upon  the  value  of  D),  the  trim  angle  of  attack  Is  attenuated 
by  the  effects  of  roll  rate.  Typical  values  of  D  are  of 
the  order  of  0  to  0.  2  so  that  Amax  occurs  near  X  3  1  and 
A maxte  1  /D.  The  condition  of  X  3  1  Is  called  the  pitch- 
yaw-roll,  or  simply  the  roll  resonance  condition.  Since 
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Ij^/Iyw  0.1,  the  resonance  condition  Is  very  close  to  the 
condition  p/u)^  ■  1.  Note  that  near  resonance  the  pitch 
damping  term,  D,  plays  a  very  Important  roll  In  limit¬ 
ing  a. 


The  value  of  D  Is  alwayB  positive  for  conditions 
(static  and  dynamic  stability)  for  which  Eqs.  (4.  5-16)  and 

(4.  5-17)  are  valid.  Therefore, _from  Eq,  (4,  5-17)  for 
positive  roll  rates  the  plane  of  &  for  a  rolling  vehicle  Is 
rotated  counterclockwise  Is  negative)  from  i/j0.  At 
resonance,  the  plane  Is  rotated  90°  from  i/i0;  at  very  high 
values  of  the  plane  Is  rotated  180°  from  ^  . 


For  example,  assume  that  an  angle  of  attack  Ib  i 

produced  by  a  flap  at  the  aft  end  of  the  body  as  shown  in  + 

the  sketch  on  page  173. 

I 
I 

I 

* 
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At  zero  roll  rate,  thla  flap  produces  a  +ry  or  a  force  F  =>  Fu 
along  the  -Z  axis.  As  the  roll  rate  Increases  In  a  positive 
direction,  F  rotates  counterclockwise.  At  resonance 
F  a  Fr  6  Fd/D  and  is  directed  along  the  -Y  axis.  As  the 
roll  rate  increases  further,  F  continues  to  rotate  coun¬ 
terclockwise  and  decreases  in  magnitude.  In  the  limit 
(very  high  roll  rates)  F  -  0  and  is  directed  along  the  +Z 
axis. 


To  further  Illustrate  the  behavior  of  Eqs.  (4,  5-16) 
and  (4.  5-17),  Fig.  4-13  shows  plots  of  A  and  Aip  as 
functions  of  X  for  D  =  0  and  0,  2.  Note  that  neither  A 
nor  Aip  changes  very  rapidly  for  X  from  0  to  about  0.  5. 
Practically  all  the  change  In  Aip  occurs  from  X  *  0.  8  to 
1.  4.  For  X  greater  than  about  1.4,  r*0  is  attenuated. 

The  effect  of  damping  Is  small  except  near  X  s  1 
where  the  effect  on  both  A  and  Aip  is  large.  As  the  re¬ 
entry  body  descends  through  the  atmosphere,  ooj\  in¬ 
creases,  and  unless  the  body  Is  given  a  very  high  spin 
rate  the  resonance  condition  will  occur  at  least  once  dur¬ 
ing  reentry.  If  fv0  were  zero,  the  resonance  condition 
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would  have  no  effect  on  the  trajectory.  If  the  only  asym¬ 
metry  were  the  asymmetric  moments  (n0  and  m  ),  the 
effect  of  resonance  would  normally  be  minor  since  p  is 
essentially  constant  (changes  by  viscous  damping  only) 
and  to \  would  pass  through  the  resonance  condition  too 
rapidly  to  produce  significant  changes  in  tlie  trajectory. 
The  a  would  increase  somewhat  over  the  n0  value,  re¬ 
sulting  in  corresponding  increases  in  body  lift  and  drag, 
but  the  time  duration  would  be  short.  Therefore,  the 
effect  of  an  asymmetric  moment,  by  itself,  has  negligible 
effect  on  the  trajectory  for  reasonable  values  of  m0  and 
n0. 


4,  5.  2  Offqet  Center  of  Gravity 


The  effect  on  trim  conditions  of  the  center  of 
gravity  offset  (again  neglecting  M^)  for  p  »  0  is  given  by: 


(4. 5-22) 


F 


X  AX 


(4. 5-23) 


Substituting  for  Fx,  Fy<  and  F ,,  from  Eqs.  (4.4-12) 
through  (4.  4-1 5): 


nt 


o 


(4. 5-24) 


0 


o 


(4. 5-25) 
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The  effect  of  roll  rnte  Is  to  modify  the  magnitude 
of  q0  and  to  change  the  plane  In  which  it  acts  tn  accordance 
with  Eqs.  (4,5-16)  and  (4.  5-17).  However,  unlike  the 
aerodynamic  asymmetry,  the  center  of  gravity  offset 
affects  the  roll  rate  equation  (see  Eq.  (4,  5-4)).  The  effect 
on  roll  rate  Is  illustrated  by  the  sketch. 


Fo 


For  aero  roll  rate,  S0  is  in  a  plane  containing  the  center 
of  gravity,  and  Fu  acts  through  the  center  of  pressure 
directed  away  from  the  center  of  gravity  as  shown  by  0O. 
However,  for  a  positive  roll  rate  the  force  vector  F  is 
rotated  counterclockwise  from  F  as  explained  previously. 
Therefore,  F  results  in  a  negative  roll  torque  that  tends 
to  decrease  the  roll  rate.  A  similar  argument  for  a  nega¬ 
tive  roll  rate  shows  that  the  center  of  gravity  offset  re¬ 
sults  in  a  positive  roll  torque,  again  tending  to  drive  the 
roll  rate  toward  zero.  Therefore,  the  effect  of  the  center 
of  gravity  offset  alone  behaves  as  a  roll  damping  effect 
and,  in  fact,  must  be  accounted  for  when  attempting  to 
extract  C»  from  experimental  roll  rate  decay  data.  For 
P 
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reasonable  values  of  the  center  of  gravity  offset,  the 
effect  on  roll  rate  is  small  except  near  resonance  where 
the  roll  moment  nrm  Is  maximum  (see  sketch  above). 


4.  5.  3  Combined  Asymmetn 


and  r) 


Both  the  center  of  gravity  offset  and  asymmetric 
moment  result  in  minor  effects  on  the  trajectory  when 
considered  separately.  However,  this  is  not  the  case 
whan  the  two  types  of  asymmetry  are  combined.  Lsing 
the  described  procedures,  the  trim  angles  of  attack  at 
zero  roll  rate  for  this  case  are  given  by  the  equations: 


(4.  5-27) 


Oi 


-  '  2  2  1/2 
%  “  %  +^o 

The  direction  of  F  is  given  by  the  equation: 


(4.  5-2B) 


(4. 5-29) 


(4. 5-30) 


The  proper  quadrant  for  ipQ  is  again  determined  as  indi¬ 
cated  in  Section  4.  5. 1.  An  important  variable  for  this 
combined  asymmetry  is  the  angle,  (5,  between  the  plane 
of  the  center  of  gravity  and  the  plane  of  a. 
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+  P 


0  =  Ip  -  Ip 


c.g. 


(4.5-31) 


where 


cot  t/j 


c.  g. 


c.  s. 


(4. 5-32) 


c.  g. 


=  0°  to 

90° 

if 

Y 

c.  g. 

is 

+  and  Z 

c. 

g- 

=  90°  to 

180° 

if 

Y 

c.  g. 

is 

-  and  Z 

c. 

g. 

o 

a 

O 

oo 

T— • 

1! 

270° 

if 

Y 

c.  g. 

is 

-  and  Z 

c. 

B- 

=  270°  to 

360° 

if 

Y 

c.  g. 

is 

+  and  Z 

c. 

g- 

is  + 
is  + 
is  - 
is  - 


It  must  be  assumed  that  the  center  of  gravity  offset 
and  moment  asymmetries  are  completely  independent 
variables  so  that  0O  n  ay  have  any  value.  For  purposes  of 
illustrating  the  significance  of  0Q  it  is  convenient  to  con¬ 
sider  "in  plane"  asymmetries  (0O  »  0°  or  180°)  and  "out  of 
plane"  asymmetries  (0O  =  90°  or  270°).  For  the  in  plane 
asymmetry,  if  0O  =  180°,  the  effect  is  the  same  as  that 
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described  previously  for  the  center  of  gravity  offset,  If 
0O  =  06,  the  magnitude  of  the  roll  rate  will  Increase  in¬ 
definitely  (£>  is  always  positive)  if  the  initial  roll  rate  is 
positive  and  will  always  increase  negatively  if  the  initial 
roll  rate  is  negative.  This  case  is  shown  in  the  sketch, 


At  p  -•  0,  FQ  passes  through  the  center  of  gravity. 

If  the  roll  rate  is  initially  positive  F  must  be  counter¬ 
clockwise  from  F0  as  shown,  so  t,.  a  positive  roll  torque 
develops  driving  p  to  a  larger  positive  value.  Since  F 
must  lie  between  b  and  t/)0  -  180°,  the  roll  torque  is 
always  positive.  Similarly,  if  the  Initial  roll  rate  is 
negative,  the  roll  torque  produced  by  the  asymmetries 
is  always  negative. 

For  out  of  plane  asymmetries,  the  case  of  0O  =  90° 
is  sketched  for  an  initial  positive  roll  rate.  Let  the  asym¬ 
metric  force  be  located  initially  at  F  (counterclockwise 
from  FQ  since  p  is  positive).  The  roll  torque  is  negative 
and  p  decreases.  For  decreasing  p,  X  decreases  (assum¬ 
ing  is  constant)  and  F  rotates  clockwise.  The  roll 
rate  becomes  zero  when  F  =  F0  and  then  the  vehicle  begins 
to  spin  up  in  the  negative  direction.  This  process  continues 
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until  F  rotates  9  0°  from  FQ.  This  point  is  an  equilibrium 
roll  rate  position,  since  at  higher  negative  roll  rates  the 
roll  torque  becomes  positive,  driving  F  to  a  less  nega¬ 
tive  roll  rate.  This  equilibrium  roll  position  also  corre¬ 
sponds  to  the  resonance  condition.  For  0O  =  270°  the  same 
phenomenon  occurs  except  that  the  roll  torque  causes 
apin-up  to  resonance  at  positive  roll  rates  and  therefore 
does  not  spin  through  zero  roll  rate. 

The  potential  problems  resulting  from  these  com¬ 
bined  asymmetries  are; 

1.  Excessive  spin  rates  resulting  in  structural 
or  payload  failures 

2.  Prolonged  periods  of  roll  resonance  resulting 
in  high  lateral  loads  and  high  drag  (structural 
failure  and  excessive  impact  dispersion) 

3.  Spin  through  zero  roll  rate  resulting  in  large 
impact  errors  (see  Section  5.  4.  2). 
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Both  in  plane  and  out  of  plane  components  of  the 
asymmetry  can  have  disastrous  results  on  vehicle  perfor¬ 
mance.  However,  the  in  plane  asymmetries  are  less 
likely  to  cause  difficulty  because  significant  roll  torques 
are  developed  only  at  conditions  near  resonance.  Also, 
this  type  of  asymmetry  cannot  produce  the  problem  of 
spin  through  zero. 

4.5.4  Effect  of  Combined  Asymmetries  on  Roll  Rate 

All  the  potential  problems  resulting  from  a  com¬ 
bination  of  asymmetric  moment  and  center  of  gravity  off¬ 
set  listed  in  Section  4,  5,  3  exist  because  of  changes  in 
roll  rate  during  reentry.  In  this  section  we  will  consider 
the  roll  behavior  in  more  detail. 


If  Iy  =  Ig  and  if  the  products  of  inertia  are  zero, 
the  roll  acceleration  (Eq,  (4.  5. 1)) becomes: 


M  p  +  F  Z 

_P_ _ X. 


i 


-  F  V 

_ g 


+  t 


(4. 5-33) 


X 


Neglecting  the  roll  damping  and  pure  roll  torque  terms 
and  expressing  the  numerator  in  terms  of  F,  r,  and  0: 


.  -  Fr  sin  0 

P  = - I -  ' 

X 

Since  F  =  qS a,  Eq.  (4,  5-34)  may  be  written: 

a 

-C  qSor  sin  0 


P 


(4.5-34) 


(4.5-35) 


The  roll  acceleration  may  be  written  as  a  product  of  two 
terms: 


f>  =  af>0 

max 


(4.  5-36) 
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where 


G  = 


( v 


OL 


sin  0  =  -A  sin  0 


^0 

max 


*x 


(4.5-37) 


(4.5-33) 


The  G  term  contains  the  effects  of  roll  rate  and  0O;  the 
{b0  term  contains  the  body  geometry,  environmental, 

and  basic  asymmetry  terms.  Note  that  jb0m  ^e 

positive  roll  acceleration  that  would  exist  for  zero  roll 
rate  if  the  plane  of  a0  were  normal  to  the  center  of  gravtty 
plane  (that  is,  0O  =  270°).  Since  0  =  0O  +  A0,  Eq.  (4,5-37) 
may  be  written: 

G  *  -A  cos  A|ii  (sin  0  +  cos  tan  A0)  .  (4.  5-39) 

o  o 

Substituting  for  tan  A ^  and  A  cos  A0  from  Eqs.  (4.  5-17) 
and  (4.  5-13),  Eq.  (4.  5-39)  becomes: 


G  = 


DX  cos  0Q  -  (1  -  X  )  sin  0q 

71  71 

(1  -  X  )  +  dV 


(4.5-40) 


We  will  define  £  =  0  as  the  roll  equilibrium  condition.  For 

this  condition  either  (!>_  or  G  must  be  zero.  For  a 

umax 


reentry  body  in  the  sensible  atmosphere  ('q  t  0),  f>0max 

is  zero  only  if  a0  or  r  is  zero.  Generally,  neither  aQ 
nor  r  is  zero  and  the  roll  rate  of  a  reentry  body  having 
combined  asymmetries  will  vary  until  G  =  0.  Defining 
Xe  as  the  value  of  X  at  G  =  0,  from  Eq.  (4.  5-10),  Xe  =  ±", 
or  Xe  must  satisfy  the  equation: 
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DXe 

tan  0  - - r  (4.  5-41) 

o  ,  ,  2 


Equation  (4.  5-41)  may  be  solved  for  X  : 

-D  cot  0  ±<J  (D  cot  0  )^  +  4 
Xe  ■ - — - J5 - ^ -  .  (4.5-42) 

For  very  large  values  of  D  cot  0O  (0O  M  0°  or  130°); 

Xg  •  0  .  (4.5-43) 

For  very  small  values  of  D  cot  0O  (0O  w90a  or  270°); 

\  «  1  -  ^  cot  0  or  -(1  +  £  cot  0  )  .  (4.  5-44) 

e  it  o  6  o 

Equation  (4.  5-42)  is  plotted  as  a  function  of  D  cot  0O  in 
Fig.  4-14. 

The  roll  equilibrium  condition,  \e,  may  be  stable 
or  unstable;  that  is,  if  the  roll  rate  is  changed  Blightly, 

X  changes  slightly  from  Xe.  If  the  roll  torque  developed 
at  X  tends  to  drive  X  back  to  Xe,  the  equilibrium  condi¬ 
tion  is  stable;  if  the  roll  torque  developed  tends  to  drive 
X  away  from  Xe,  the  condition  is  unstable.  The  Xe  condi¬ 
tion  is  stable  if  (dG/dX)\  is  negative  and  unstable  if 

e 

(dG/dXK  is  positive.  It  may  be  shown  that  dG/dX  is 
Ae 

given  by: 


D  col  •  ft  +  (2  -  D2)  XZ  -  3X*  +  2X  sin  t  [<D2  -  1)  +  2X2  -  X* 

_  0  _ _ o _ _ 


(1  -  x*)  + 


2z  p 

dV  I 


dG 

3T 


(4,5-46) 
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Therefore,  the  condition  for  Xe  stability  is  that: 

F(X  ,  D)  >  tan  0  (4.  5-46) 

t?  Cj 


where 


F  (X,  D) 


D  [  3X4  -  (2  -  P2)  X2  -  ll 
2X  [(D2  -  1)  +  2X2  -  X4] 


(4.  5-47) 


For  in  plane  asymmetries  the  condition  for  stability  re¬ 
duces  to: 


cos  0 


1  +(2  -  D2)  X2  -  3X4 


<0  . 


(4.  5-48) 


Since  Xe  a  0,  the  condition  is  stable  for  0O  =  180°  and  un¬ 
stable  for  0  =0®, 
o 


For  out  of  plane  asymmetries,  the  condition  for 
stability  reduces  to: 


sin  0  X 
o 


(D*  -  1)  + 


2X2  -  X4 


<  0 


(4.  5-49) 


Since  Xe  3  ±1,  the  condition  is  unstable  for  \e  =  +1  and 
0O  a  90°  or  Xe  *  -1  and  0Q  *  270°;  the  condition  is  stable 
for  Xe  =  +1  and  0O  =  270°  or  Xe  =  -1  and  0O  =  90°. 


Another  characteristic  of  interest  is  the  maximum 
values  of  G.  The  term  maximum  is  used  to  mean  either  a 
positive  or  negative  maximum.  Maximum  values  occur 
at  values  of  X  obtained  by  setting  the  numerator  of  Eq. 
(4,5-45)  to  zero  giving  the  expression: 


tan  0Q  =  F(X,  D)  , 


(4.  5-50) 


For  0O  =  0°  or  180°,  neglecting  terms  smaller 
than  D^,  Eq.  (4.  5-50)  may  be  solved  for  values  of  X  and 
Gmax  Saving  the  result: 
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** 

X  -  ±(i  -  £_) 


(4.5-51) 


From  Eq.  (4.  5-40): 


G  3  ± 
max 


D 

(1  +  — )  cos  0 
1  b  o 

D 


X  «  +  1 

G  *S 

max 

1 

D 

for 

X  «*»  -  1 

G 

max 

1 

‘  D 

for 

X  »  +  1 

G  Rs 

max 

1 

‘  D 

for 

X  RS  “  1 

G  M 

max 

1 

D 

for 

(4. 5-52) 


180s 


For  0O  =  90°  or  270s,  Eq.  (4.  5-50)  may  be  solved 
for  giving  the  following  equation: 


X  ■  ±  \jl  ±  D  , 

From  Eq.  (4.  5-40): 

sin  0 

p  &  ,1  ^ 

max  D(2  ±  D) 

The  value  of  G  is  the  same  for  ±X.  The  ±  sign  In  Eq. 

(4.  5-54)  corresponds  to  the  ±D  term  In  Eq.  (4.  5-63), 
Therefore  for  0  a  90°,  Gmnv  ea  1  /  2D  at  X  *  ±  VT+~T>, 
and  Gmax  *  -  if; 2D  at  X  =  i  V  T='  T5.  For  0O  =  270s, 
Gmax  «9“l/2DatX=±  VTTT5  and  Gmax  w  1  /  2D  at  X  a 
±  V  1  -  6,  Note  that,  for  a  given  a0  and  r  (l.e, , 
^°max^  P°^en^a^  '  torque  for  an  In  plane  asymme¬ 
try  Is  approximately  twice  that  of  the  out  of  plane  asym¬ 
metry. 


(4. 5-53) 


(4.  5-34) 
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For  the  general  value  of  0O,  the  maximum  values 
of  G  may  be  obtained  from  a  plot  of  F(X,  G).  Since 
F(-X»  D)  ■  -F(X,  D),  it  ia  necessary  to  plot  only  the  +X 
values  of  the  function.  The  maximum  values  of  G  for 
+X  are  obtained  at  F(X,  D)  ■  tan  0O;  the  values  of  -X  are 
obtained  at  F(X,  D)  *  -  tan  0O. 

A  summary  of  the  characteristics  of  G  is  given 

in  the  table  for  in  plane  and  out  of  plane  asymmetries, 


t 

0* 

HO1 

no* 

270* 

amax 

A 

mix 

A 

1  a 

mix 

A 

°taax 

A 

Poaltlva 

Qmax 

l/D 

l  1,3 

wan 

ti/mr 

t/D 

*4 

1/!D 

i'JTT) 

Nigatlv* 

amax 

■1/1) 

• 

l"T 

•i/ao 

•  1/U 

*  4, 

-1/2D 

*  Vi"*n 

0 

ti 

0 

XI 

A,  Stability 

Unatablu 

Unatabla  at  ft 

Stable  it  -1 

St»bl« 

SUbl*  It  +1 

Unitabli  at  -1 

Typical  plots  of  G  versus  X  for  D  *  0.  2  are 
shown  for  0Q  »  0°,  45°,  and  90®  in  Fig.  4-15,  The  values 
of  G  at  a  given  X  for  0O  =  1  80®  and  2? 0®  are  the  negatives 
of  the  values  for  0O  =  0°  and  90®,  respectively.  Note  that 
for  In  plane  asymmetries  the  roll  torque  from  combined 
asymmetries  is  small  except  for  a  narrow  band  of  X  in 
the  vicinity  of  ±1  (i.  e. ,  near  resonance  conditions).  How¬ 
ever,  for  out  of  plane  asymmetries  the  roll  torque  may 
be  appreciable  for  all  values  of  X  between  about  -1.  5  to 
1 . 5  except  at  X  *  ±1. 

The  function  F(X,  D)  is  shown  for  D  a  0,  2  in  Fig. 
4-16,  Using  Eq,  (4.5-50)  as  the  condition  for  Gmax,  note 
that,  except  for  small  values  of  0O  (less  than  0O  ■  45®), 
all  values  of  Gmax  tend  to  be  near  X  a  0  or  X  -  ±1.  Fur¬ 
thermore  the  magnitude  of  G  x  tends  to  be  small  when 
it  occurs  at  values  of  X  other  thanwl.  For  example, 
the  maxima  for  0O  a  45®  or  F(X,  D)  a  1  are  shown  in  Fig. 
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4-16  to  occur  at  X  *  0, 12,  0.  74,  and  1,  06.  From  Fig. 

4-15  the  corresponding  values  of  Gmax  are  -0.  7,  -0,  9, 
and  4.1,  respectively. 

4.  5.  5  Roll  Resonance 

One  of  the  potential  problems  resulting  from  asym¬ 
metries  Is  prolonged  periods  of  roll  resonance.  During 
this  period  the  angle  of  attack  Increases,  resulting  In  large 
lateral  Acceleration  and  high  drag.  If  the  resonance 
occurs  during  the  heating  portion  of  the  trajectory,  the 
problem  may  be  amplified  by_dlstortlon  resulting  from 
asymmetric,  heating  since  at  J  one  ray  along  the  body  re¬ 
mains  on  the  windward  side  of  the  body  and  Is  heated  more 
than  a  corresponding  ray  on  the  leeward  side. 

In  this  section  we  will  consider  conditions  under 
which  prolonged  periods  of  resonance  may  occur.  The 
term  "lock-ln"  will  be  used  to  describe  a  roll  history  In 
which  pr  tends  to  follow  so  that  X  «  constant.  That  la, 

£>j Jwa  “l*  ^  should  be  noted  that  this  does  not  neces¬ 
sarily  Imply  that  resonance  (\  «  ±i)  existB.  However, 
asymmetries  are  usually  small  enough  that  roll  amplifica¬ 
tion  Is  required  to  cause  significant  changes  in  roll  rate 
and  the  necessary  amplification  can  occur  only  for  condi¬ 
tions  at  or  near  resonance. 

Typical  values  of  roll  rate  at  reentry  are  1  to  2  Hz, 
and  the  static  margin  typically  is  3%  to  4%  of  body  length, 
For  these  conditions,  the  peak  value  of  muyh  greater 

than  pjj  so  that  X  a  1  will  occur  at  least  once  during  re¬ 
entry.  If  the  range  is  short  enough  or  the  reentry  angle 
shallow  enough,  the  resonance  condition  may  occur  a  sec¬ 
ond  time,  as  shown  In  the  sketch  on  page  187, 
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A  vehicle  having  no  roll  torque  would  exhibit  a  re¬ 
duced  roll  rate  (pr)  trace  shown  by  1.  The  roll  rate  would 
pass  through  "first"  and  "second"  resonance  without  inci¬ 
dent.  However,  If  asymmetries  exist,  the  roll  rate  may 
lock-in  on  ccA  ns  shown  by  2  through  5.  Curve  2  is  typical 
of  the  case  of  large  asymmetries  that  exist  early  in  the 
reentry  phase.  In  this  case  lock-in  may  occur  at  "first" 
resonance.  In  the  more  usual  case,  asymmetries  develop 
as  a  result  of  the  heating  environment  so  that  "spin-up" 
(cases  3  and  4)  or  "spin-down"  (case  5)  occurs  after  "first" 
resonance,  For  cases  3  and  4  the  angle  0O  is  between  180° 
and  380°  so  that  "spin  up"  occurs;  for  case  5,  0  is  between 
0®  and  180°  so  that  "spin  down"  occurs.  Cases  3  and  4  indi¬ 
cate  that  p  may  lock-in  to  (case  4)  or  may  cut  through 
the  curve  (case  3). 


The  roll  lock-in  conditions  are  the  same  whether 
the  vehicle  has  positive  or  negative  roll  rate  at  reentry. 
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To  simplify  the  presentation,  only  positive  roll  rate  will 
be  considered  in  the  remainder  of  this  discussion. 

If  the  reduced  roll  acceleration  (jbr),  produced  by 
asymmetries,  is  equal  to  or  greater  than  w ^ ,  lock-in 
may  occur.  In  equation  form,  lock-in  may  occur  when: 


Using  Eqs.  (4.  4-37)  and  {4.  3-18),  it  may  be  Bhown  that 
oiA  i-8  given  by  the  equation  (neglecting  variations  in  tem¬ 
perature  with  altitude): 


‘‘a  ■  VE 


C.T  AXm  sin  y 
N 

a 


8  CaIyH 


T 


1/2 


a  -  k)Vk~ 


K 


(4. 6-5B) 


Using  Eqs.  (4.  3-8),  (4.  5-36),  and  (4,  5-38),  is  given  by 
the  equation: 


f> 


G  VE  m  sin  y  C 


N 


2IxHCa 


*  -  „  K 

*o  Tt 
e 


(4.5-57) 


Therefore,  lock-in  may  occur  if  the  following  inequality 
is  satisfied: 


ft  ~Gi 
o  d 

- 1 

o 

t> 

:* 

*— i 

x 

■x 

sin  y 

2  CN  H  md2 

IY(l 

"x\ 

tt 

~)J 

(4.  5-58) 


Equation  (4.  5-58)  may  be  simplified  further  by  noting  that, 
for  a  given  altitude  (or  given  value  of  K),  the  minimum 
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asymmetry  that  may  result  In  lock-in  is  given  by  Eq, 

(4,  5-58)  for  G  -  Gmax-  If  trim  conditions  are  realized 
(see  Section  4.  5.  10), then  Gm  is  given  approximately  by 
(see  Eqs.  (4,  5-52)  and  (4.  6 - o 4) > : 


G  =  k/D 
max 


(4. 5-59) 


where  k  has  the  following  values: 


0n 
_ a. 

X 

k 

0° 

1 

1 

90° 

0.  5 

90° 

-0.  5 

o 

O 

CD 

1 

-1 

270® 

.  .  D 

1  +2 

-0,  5 

270° 

i  -E 

2 

0.  5 

Using, Eq.  (4.  5-20)  and  the  definitions  of  Fa  and  Mq,  an 
expression  for  D  Is: 


D  = 


k,  -  C 
1  m. 


-sin  y 


9P  H 

2CA"rki  t. 


1/2 


VK” 


(4.  5-60) 


where 


0  (,  .  %  ix_ 

V  V mt2 


Substituting  EqB.  (4.  5-59)  and  (4.  5-60)  into  (4.  5-58),  and 
noting  from  previous  discussions  that  Gmax  occurs  near 
the  resonance  condition  for  in  plane  or  out  of  plane  asym¬ 
metries: 


F. 


(1  -  Kr> 

— K - 


(4.  5-61) 
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where 


F 


1 


2C 


<IX/IY)  sin  y 


i-r 

Y 


H 

N  T 
o- 


(4.  5-62) 


and  Kj|  Is  the  value  of  K  at  the  resonance  condition. 

The  general  behavior  of  Eq.  (4.  5 -SI)  is  shown  in 
the  sketch. 


REENTRY 
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Following  reentry  (K  =  0),  assume  that  resonance  (G  « 
Gmax)  occurs  at  an  altitude  where  =  Kj,  If  <yQ  r/d  >- 

(lv0  r/d)j,  lock-  in  is  Likely  to  occur  at  first  resonance  pro¬ 
vided  k  >  0  and  lock-in  will  continue  at  least  to  K  =  1  unless 
dynamic  effects  (roll  rate  and  n  oscillations)  or  roll  damp¬ 
ing  effects  (see  Section  4.  5.  (i)  cause  "break  out.  "  Break 
out  will  occur  at  Kft  3  1  unless  0O  is  such  that  fi>  and 
therefore  G  change  sign  near  X  =  1.  Therefore,  from 
Fig.  4-15,  break  out  will  occur  at  Kr  =  1  for  in  plane 
asymmetry  (0Q  =  0°  or  180°)  but  may  not  occur  for  out  of 
plane  asymmetries  (0O  3  90*or  270°).  Break  out  would 
occur,  however,  even  for  the  out  of  plane  asymmetry 
at  K3.  To  be  assured  of  freedom  from  lock  in  at  all 
conditions; 


whichever  is  the  more  restrictive.  The  subscript  2  re 
fers  to  the  second  resonance  condition. 


Neglecting  a  change  in  roll  rate  during  reentry,  it 
may  be  shown  that  \  1  -  K2I  a  1 1  -  KjJ  .  Since  the  slope 
of  the  n0  r/d  curve  fojr  K  3  0  to  1  is  the  negative  of  the 
slope  for  K  >  1,  the  (qq  r/d^  limit  is  always  the  more 
restrictive  condition.  Therefore,  from  the  resonance 
standpoint,  it  is  desirable  to  select  a  low  value  of  p£  so 
that  first  resonance  occurs  at  as  high  an  altitude  as  possi¬ 
ble.  The  maximum  asymmetry  allowable  is  obtained  by 
evaluating  Eq.  (4.  5-61)  at  K  3  0  so  that  to  avoid  lock  in; 


a 


(4.  5-63) 


In _Eq.  (4.  5-61),  the  asymmetries  are  given  in 
terms  of  a  and  r.  The  asymmetric  moment  coefficient 
is  a  better  parameter  for  some  purposes  since  the  moment 
coefficient  is  a  direct  function  of  the  asymmetry  whereas 
aQ  depends  also  upon  and  vehicle  stability  (AX).  The 

components  of  a  are  shown  in  the  sketch  on  page  192. 


'  1 


'  "4! 
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The  component  of  aQ  resulting  from  the  center  of  gravity 
offset  is  always  directed  away  from  the  center  of  gravity, 
whereas  the  component  resulting  from  asymmetric  mo¬ 
ments  may  be  in  any  plane.  The  components  of  a  are 
(see  Eqs.  (4.5-27),  (4.5-28),  and  (4.  5-29)): 


'N  d 
a 


(4.  5-64) 


(4.  5-65) 


(4.  5-66) 
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For  0  =  o»,  tt0M  must  be  directed  toward  the  center  oj 

gravity  and  «vOM  >«oC(  g_  •  Then: 


r  -  c  — 
m  A  d 
-  o  _ 

*o  =  c  AX~~ 
d 
a 


(4.5-67) 


For  0O  =  180°: 


C  +  C  .  -r 
m  Ad 
o 

r  n 

d 

a 


For  0  =  90°  or  270°: 
o 


r  /  rr_ 


“o  S  \  \c  AX 

F  V 


* 

caZ 

„  AX 

-N  d 
a 


(4. 5-68) 


(4.  5-69) 


Usually,  S0c  g  «  S„M.  B°  lhat  Eq’  <4’  5'69)  18  g‘Ven  aP' 
proximately  by  the  expression: 


-  ^mo  |\  l/CA  r\2 

'XVJ 

a  c  0 

Substituting  for  aQ,  Eq.  (4.  5-61 )  becomes: 
AX  (1  ‘  KR* 

fa  <  f2  -d - £ — 
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where 


F2'CdF1'  (4.5-73) 

a 

The  limiting  asymmetry  values  may  be  obtained 
for  any  in  plane  or  out  of  plane  asymmetry  using  Eq. 

(4.  5-71)  with  the  appropriate  value  of  k  given  in  the 
table  in  Section  4.  5.  5.  Note  however  that  (1  -  K^)/k  must 
be  positive. 

The  possibilities  for  lock-in  are  shown  using  the 
roll  amplification  diagrams  shown  c.i  page  195. 

At  reentry,  for  a  positive  roll,  X  -  »  so  that 

G  -  0  and  the  roll  rate  remains  constant.  As  the  altitude 
decreases,  increases  and  therefore  X  decreases.  As 
X  -  1,  G  is  no  longer  negligible  and,  if  the  £>r  produced  at 
points  a  (0O  =  0°,  90°,  or  270°)  is  equal  to  or  greater 
than  lock-in  may  oc-ur  at  some  value  of  X  between 
a  and  b  whore  G  is  ju3t  large  enough  to  satisfy  Eq. 

(4.  5-55).  As  the  maxir  um  dynamic  pressure  (K  ->  1)  is 
approached,  decreases,  becoming  zero  at  K  =1,  and 
then  it  becomes  negative.  Asa  result  p  must  reverse 
sign  if  lock-in  continues.  Neither  the  0Q  =  0e  nor  0Q  =  90° 
asymmetry  case  can  produce  the  characteristics  required 
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to  satisfy  the  <1)A  variation,  and  lock-in  cannot  be  main¬ 
tained  at  K  >  1,  However,  lock-in  may  continue  to  exist 
for  0O  =  270°  until  the  negative  p  required  for  lock-in  is 
greater  than  that  given  by  point  c.  For  the  0O  =  180®  case, 
lock-in  cannot  occur  since  k  (or  Gmax)  is  <  0,  The  ve¬ 
hicle  would  pass  through  first  resonance  with  a  slight  re¬ 
duction  in  roll  rate,  Both  jb  and  &A  tend  to  cause  a  rapid 
transit  (both  effects  tend  to  reduce  X)  through  the  reso¬ 
nance  condition.  As  o)A  increases,  X  decreases  to  some 
low  value  and  p  remains  nearly  constant.  However  as 
ui  ^  decreases  at  K  >  1,  X  increases.  Lock-in  at  this 
time  (second  resonance)  requires  a  negative  p  and  may 
occur  between  points  b  and  c  if  £  at  c  is  large  enough. 
For  0O  a  90°,  the  shape  of  the  G  curve  is  such  that  lock-in 
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could  occur  at  second  resonance  between  b  and  c.  How¬ 
ever,  If  the  torque  at  c  is  large  enough  to  cause  lock-in 
and  If  the  asymmetry  existed  at  reentry,  then  lock-in 
would  have  occurred  between  a  and  b  at  first  resonance, 
and  \  would  never  be  less  than  1  +  D.  Therefore  lock- 
in  at  second  resonance  would  not  occur.  If,  on  the  other 
hand,  the  asymmetry  developed  during  reentry  and  after 
first  resonance,  then  second  resonance  lock-in  for  0Q  = 

90°  is  possible, 

Note  that  lock-in  may  occur  only  when  dQ/d\  is 
negative  since,  for  positive  slopes,  X  Is  unstable  for 
reasons  discussed  for  Xe  stability  in  Section  4.  5.  4. 

The  most  restrictive  limitation  occurs  for  first 
resonance  lock-in  with  the  in  plane  asymmetry  with 
0O  *  CP.  For  this  case,  with  first  resonance  near  K  a  0, 
if  lock-in  is  to  be  avoided; 


FA=^m  5 


<  F 


AX 
2  d 


For 


1; 


r  <  dF 


AX 

2  d  ' 


o 


(4.  5-74) 


14.  5-75) 


From  Eqs.  (4.5-62),  (4,5-73),  and  (4.  5-75),  note 
that  the  allowable  asymmetry  is  governed  by  the  following 
parameters; 
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Parameter 


Related  Factor 


Cm  r  to  avoid  lock-ln 
mo 

_ tends  to  be  low  for: 


Vehicle  stability  margin  AX/d 

Resonance  altitude  1  - 

Plane  of  asymmetries  k 


Aerodynamic  coefficients 

Typo  of  trajectory 
Atmosphere 
Vohtcle  slenderness 

Mass  distribution  factor 
Vehicle  size 


cm  ttfld 
N  m 

a  q 

sin  y 
H 

lxnY  and  Cm 

lylmd2, 

d 


Small  AX/d 
KR  ~  1 

0‘  or  180“  (compared  to  80*  or 
270*5 

Low  C.,  and  C 
N  m 

ft  q 

Lowy  (shallow  reentry  angles) 
High  H 

Low  Lr/Iy  and  C 

q 

,  .2 

Low  Ly/md 
Low  d 


Since  there  are  so  many  variables,  it  iB  not  possi¬ 
ble  to  present  generalized  curves  of  allowable  asymmetry, 
However  several  observations  are  noteworthy,  Consider 
a  family  of  bodies  differing  only  by  a  scale  factor.  Values 
of  CNftlCmq)  ^X^Y'  anc^  Iy/md2  wm  be  approximately  the 

same  for  all  bodies,  If  it  is  further  specified  that  all 
bodies  have  the  same  stability  margin  (same  AX/d), then 
for  a  given  atmosphere  and  trajectory,  Eqs.  (4.  5-62), 

(4.  5-73),  and  (4.  5-75)  show  that  the  allowable  Cmor  is 

proportional  to  d2,  Therefore,  small  bodies  may  be  par¬ 
ticularly  sensitive  to  mass  and  aerodynamic  asymmetries. 

__  Note  also  that  for  a  given  allowable  Fa  the  allowable 
Cmo  (Eq,  (4,  5 -72))  has  a  minimum  value  for  {Q  =  0‘  90°,  or 

270°,  For  0O  =  0°,  the  minimum  occurs  at: 


d  2  CA 
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and  the  minimum  Cm  is  given  by: 

o 


C  <2 
m 

o 


ca1t  V1  -kr> 


1/2 


For  f)  =  90°  or  270°.  the  minimum  occurs  at: 
o 


m 


A 


and  the  minimum  value  is  given  by: 


C  <  2.  20 
mo 


,  AX 
'A  d 


f2U 


Kr) 


1/2 


(4.5-76) 


(4.5-77) 


(4.  5-78) 


Therefore  for  a  fixed  value  of  the  minimum  value  for 
Cm0  for  an  out  of'  Plane  asymmetry  is  about  15%  greater 

than  that  for  an  in  plane  asymmetry. 

4.5.6  Effect  on  Lock-in  of  Roll  Damping  and  Pure 
Roll  Torque 


The  roll  damping,  Mp,  and  pure  asymmetric  roll 
torque,  iQ,  terms  in  Eq,  (4.  5-33)  are  usually  negligible. 
However,  under  some  conditions  these  terms  could  be 
significant.  For  example,  at  usual  roll  rates  Mp  is  small, 
but  if  lock-in  occurs  and  drives  the  roll  rate  to  high  values, 
Mp  may  become  a  significant  torque  and  may,  in  fact, 
break  the  lock-in  condition. 

Rewriting  Eq.  (4.  5-36)  to  include  the  Mp  and  fQ 

terms: 


G1  f> 

max 


(4.5-79) 


-  198  - 


TMt  JOHN!  HOP*  INS  UNI  VISiltV 

APPLIED  PHYSICS  LABORATORY 
sn-vip  Panina  maatlanb 


where 


G'  *  G  +  G1  +  G2  .  (4.  5-80) 

The  amplification  factor  G  is  defined  b>  Eq.  (4.5-37).  The 
factor  Gj  is  defined  by  the  equation; 


G 


1  UT 


M  p 

EL 


X  °max 

C  M 
i  V 
p 

C„  ft  4 

N  o  d 
ft 


Using  Eq.  (4.  5-21)  to  eliminate  p; 
C, 


G!  ■ 


''F 


X 

Y 


C  ft  J 
N  o  d 
ft 


and  using  Eq.  (4.  3-23)  for  coA 
-  AXK  sin  y 


G1  * 


2HCAkl 


(4. 5-81) 


1  1/2  \ 

X  *  aX  . 

floJ 


(4.5-82) 


The  value  of  a  is  always  negative.  Therefore  if 
the  G  curve  is  drawn,  the  G1  =  G  +  Gj  (assuming  Gg  s  0) 
values  are  the  ordinates  measured  from  a  X  axis  which 
is  rotated  counterclockwise  through  an  angle,  c,  where; 

tan  <  =  a  .  (4. 5-83) 
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Similarly; 


G 


2 


u 


t 

o 


max 


m 


(4.  5-84) 


If  Gj  3  0,  tht.  values  of  G1  *  G  +  G2  are  the  ordinates  of 
the  G  curve  measured  from  a  X  axis  that  is  shifted  by 


an  amount 


o 


as  sketched  (for  a  negative  value  of 
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However,  suppose  C*  t  0  so  that  €  for  resonance  at  the 

P 

initial  roll  rate  is  given  by  <  j .  The  resonance  condition 
then  is  obtained  by  drawing  the  line  BC  as  shown,  giving 
a  lock-in  condition  at  B.  As  resonance  continues,  K  in¬ 
creases  and  therefore  €  increases,  If  c  exceeds  the 
value  shown  by  *2,  the  torque  required  to  sustain  reso¬ 
nance  is  unavailable  and  break  out  occurs. 

Using  Eqs.  (4,5-59)  and  (4.  5-60),  and  noting  that 
G  -  G„ 

tan  <  ■  - - G  -  GD,  it  may  be  shown  that  roll 

Aq  tn  n  x 

umax 

damping  will  cause  break  out  when  the  following  inequality 
is  satisfied: 


V 


«H/d)CAk1Jo  £ 


k,  -  C 
1  m. 


sin  (-y)  KR 


-^g-( . -fKR).  (4.5-85) 

md2  \  KR  / 


Roll  damping  tends  to  decrease  the  possibility  of 
lock-in  at  first  resonance  and,  if  lock-in  occurs,  tends 
to  increase  the  possibility  of  break  out,  The  opposite  ef¬ 
fects  occur  at  second  resonance. 


unless 


When  Ci  exists  (but  not  C 
o 


* 


lock-in  cannot  exist 


G 

max 


>  0  . 


Using  Eqs.  (4.  5-58)  and  (4.  5-60),  lock-in  cannot  occur  at 
first  resonance  if  has  a  sign  opposite  to  that  of  the  initial 
roll  rate  and  a  magnitude  given  by  the  following  Inequality: 


-  202  - 


TMI  JOHNS  HOPKINS  UNIVMSITV 

applied  physics  laboratory 

Siivtn  sphinq  maptlanq 


ci  > 


Vo  d  a2(1  "  KR* 


0  Vs  Vs" 


R 


where 


1  i  K„  >  0 

r\ 


CN  k 

t  . - 

1  k.  -  C 
1  m 


.  AX  k  H 

'AT‘ld 


sin  (-y) 


AX 


Jx  lcAlTkiBln(-r> 
l2  i ,,J  7  or 


hm 


(4.  5-8G) 


(4.5-87) 


(4.  5 -B8) 


If  the  sign  of  Cj  Is  the  same  as  that  of  the  Initial 
roll  rate,  the  effect  of  Cjq  is  to  increase  the  probability 
of  lock-in;  if  CjQ  and  pE  have  opposite  Bigns,  the  effect  is 
to  decrease  the  probability  of  lock-in. 

4.  5.  7  Spin  Through  Zero  Roll  Rate 

In  the  previous  sections,  the  problem  of  roll  reso¬ 
nance  was  considered.  A  second  problem  resulting  from 
variations  of  roll  rate  during  reentry  occurs  when  the  roll 
rate  becomes  equal  to  or  passes  through  zero.  When  p  =  0 
and  an  asymmetry,  jyQ,  exists,  the  lateral  acceleration 
resulting  from  aQ  is  fixed  in  space  and  the  missile  moves 
off  course  in  the  direction  of  F0.  The  impact  dispersion 
produced  may  be  much  larger  than  that  required  for  satis¬ 
factory  performance,  In  this  section  we  will  consider  the 
conditions  for  which  spin  through  zero  may  occur. 

Referring  to  curve  5  in  the  first  sketch  in  Section 
4,  5.  5,  spin  down  through  zero  roll  rate  may  occur  when 
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an  out  of  plane  component  of  asymmetry  exists  and  is  in  a 
direction  to  reduce  the  magnitude  of  the  roll  rate.  There¬ 
fore,  one  condition  for  p  =  0  is  that  180®  >  0Q  >0°.  The 
second  condition  is  that  the  magnitude  of  is  laige  enough 
to  reoult  in  p  =  0  prior  to  impact. 


For  the  asymmetries  of  interest  in  tins  problem, 
the  vehicle  usually  passes  through  first  resonance  with 
little  change  in  roll  rate  so  that  moat  of  the  change  in  roll 
rate  occurs  at  X  near  zero  so  that,  roll  amplification  is 
negligible.  The  roll  acceleration,  then,  is  given  by  Eq. 

(4.  5-36): 

-C....  qS  (7  r  sin  0 
N  o  o 

£>  ■  - 2— s - -  (4.  5-89) 

X 


For  very  small  angles  of  attack  Gt,  ): 


1  dv 

mm  >KM>  a 

g  dt 


C^qS 

W- 


Therefore: 


qs 


m  dV 

c7  -ar  * 

A 


(4.  5-90) 


Substituting  Eq,  (4.  5-90)  into  (4.  5-B9); 


cn  V aln  K 


dV 
dt  ’ 


(4, 5-91) 


If  p  and  V  are  assumed  to  be  the  only  dependent  varia¬ 
bles,  Eq,  (4.  5-91)  may  be  integrated  to  give; 


C.T  ot  r  sin  0 
N  o  o  v 

P  -  '  £P  =  — 7T-? -  mV„(  -  1 )  . 

L  CA!X  h  VE 


(4.  5-92) 
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Substituting  for  V/V^  using  Eq.  (4.  3-5): 


—  I' 

c»*.5!M„  v,.  K„ 

*!>  =  -  — 2 - -  4(1  -o-KU) 

CA(Ix/nui“)  “ 


(4.  5-!) 3) 


If  |  Ap|  >  p„  at  K  =  K<-j_,  spin  through  zero  will  occur  prior 
to  impact.  jT he  altitude  (or  K)  at  which  zero  roll  rate 
occurs  may  be  obtained  from  Eq.  (4.5-93): 


c-K'2  . .  - 


PECA  .2 
md 


V 

cn  %  3  if  sln  «o 

a 


(4.  5-94) 


or 


K  =  -2  In 


„  c  4l 

PECA  .2 
md 


-  r  VF 

C  a  -7  — r—  sin  (ft 
N  o  d  d  o 


O 


(4.  5-95) 


The  minimum  asymmetries  which  may  cause  zero  roll  rate 
occur  for  0O  =  90°.  For  this  case,  Eq,  (4,  5-95)  maybe 
written  in  terms  of  the  moment  coefficient  using  Eq.  (4.  5-70): 


If  spin  through  zero  is  to  be  avoided  for  the  entire  trajec¬ 
tory,  Eqs.  (4.  5-95)  and  (4.  5-9G)  indicate  that  the  following 
inequalities  must  be  satisfied: 
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v;  jx__5 

VE  md2  CN 


CX  T 
O  (1 


/  PS.  L.  \ 

c  Np  \  2ji  sin  7'  / 


(4.  5-97) 


or  In  terms  of 


(4.  5-08) 


Using  the  assumptions  listed  in  Section  4.  5.  5,  pace  197, 

note  thai.  the  allowable  r  is  proportional  to  d*,  There¬ 
to 

fore,  as  in  the  case  of  the  roll  resonance  problem,  small 
vehicles  are  particularly  susceptible  to  the  spin  through 
zero  problem. 


The  probability  of  encountering  the  spin  through 
zero  problem  on  a  given  vehicle  is  highly  dependent  upon 
the  missile-to-misslle  variation  in  0O.  If  the  asymmetries 
are  such  that  0O  is  always  SO’,  and  if  <50  r/d  always  ex¬ 
ceeds  the  value  given  by  Eq,  (4.  5-97),  then  all  the  mis¬ 
siles  will  spin  through  zero.  On  the  other  hand,  if  0O 
always  lies  between  180°  and  360°,  the  probability  of  en¬ 
countering  spin  through  zero  is  zero  regardless  of  the 
value  of  a0  r/d.  If  the  missile-to-missile  variation  in  0O 
is  random,  the  probability  of  encountering  spin  through 
zero  is  given  by: 


P 


.  A 

IT 
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where  A  is  an  angle  between  0  and  nl 2  radians  defined  by: 


A  =  cos 


a  r /d 
o 


and  (aQ  r/d)min  is  the  value  of  a0  r/d  given  by  Eq.  (4.  5-97). 
For  this  assumption,  the  probability  of  encountering  spin 
through  zero_varies  from  0  at  et0  r/d  =  (aQ  r/d)m^n  to  50% 
ati*0  r/d  x>  (aD  r/d)mln. 

4.  5.  8  Effect  on  Products  of  Inertia 


The  products  of  inertia  are  defined  by  the  following 
equations: 


XXY  "  SmiXiYi 


lxzmZmixizi 


lYZ  =  SmiYiZi 


(4. 5-99) 
(4. 5-100) 
(4. 5-101) 


The  Iyz  term  is  negligible  for  most  reentry  bodies  and  is 
omitted  from  this  analysis.  If  Ijjy  and  are  no*  zero> 
the  principal  axes  pass  through  the  center  of  gravity  but 
are  rotated  through  an  angle  fi  measured  clockwise  from 
the  body  centerline.  For  small  asymmetries,  the  rotation 
angles  are  (for  I  =  Iz): 


,  lXY 

e'h-h 


(4.5-102) 


fi 


a 


(4. 5-103) 
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a 


(4.  5-104) 


where  5^  is  a  rotation  about  the  Z  axis  and 
about  the  Y  axis, 


6 

ot 


is  a  rotation 


Consider  a  mass  asymmetry  in  which  =  0  but 

IXy  i4  0,  as  Illustrated  by  the  sketch.  J'  c 


x 


Assume  the  vehicle  is  symmetrical  except  for  two  small 
masses,  m^,  located  at  (X^,  Yj )  and  (-Xj,  -Yi)  so  that 
IXY  =  2miXiYj.  If  the  missile  is  now  rotated  about  the 
X  axis,  the  centrifugal  force  acting  on  each  mi  produces 
a  yawing  moment  about  the  Z  axis. 

Returning  to  the  case  where  IXy  ^  0#  IyZ  j4  0,  and 
the  mass  asymmetry  forces  are  much  greater  than  the 
aerodynamic  forces  (X  -*  ®),  and  retaining  only  the  larger 
asymmetry  terms  (p  is  moderately  large  but  l^y.  *XZ> 
q,  r,  (3,  £],  and  hare  assumed  to  be  sufficiently  small 
that  the  square  or  product  of  two  small  terms  may  be 
neglected)  of  Eqs.  (4.5-1),  (4.5-2),  and  (4.  5-3),  the 
equations  of  motion  become: 
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t>  -  o 


.  „  2  lxz 

*  =  %  "  P  V 


.  M  2  lXY 

*  =  .qWg  +  p  _ 


where  cog  =  p  ^  1  -  rp£  j  . 


Differentiating  Eq.  (4,5-106): 

'■V- 

Using  Eqs.  (4,  6-107)  and  (4.  5-108): 


. .  ,  2  2  *XY 

q  +  <d  q  ■  CO  P  -s — 

©  fe 


The  solution  to  this  differential  equation  is: 

I 


XY 


q  =  C  sin  co  t  +  Cp  cos  u>  t  +  p  . 

1  8  ‘  8  ay  "  X 


£)  ®  ClWg  cos  a3gt  "  C2Wg  Sln  ^g1  ' 

From  Eqs.  (4.  5-106)  and  (4,  5-11 1): 

!XZ 


r»C.  cos  w  t  -  C_  sin  w  t  +  p  •  . 

1  g  2  g  ly  " 


(4.  5-105) 

(4.  5-106) 

(4.5-107) 


(4.  5-108) 


(4.5-100) 


(4. 5-110) 
(4. 5-111) 


(4. 5-112) 
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From  Eqs.  (4.  5-110)  and  (4.  5-112): 


Therefore,  the  q  -  r  plot  is  a  circle  of  radius  2  + 


with  center  at  q  =  p 


XY 


XZ 


!y  "  lx 


XY  “  lX 


.  In  other  words, 


the  telemetry  traces  for  a  body  having  nonzero  I^y  and  I 

I. 

show  a  q  which  oscillates  about  the  value  q  =  p 


XY 


I 


and  an  r  which  oscillates  about  r  =  p 


XZ 


*Y  "  lX 


*Y  "  rX 


The  con¬ 


stants  Ci  and  C2  may  be  evaluated  from  given  conditions 
at  t  *  0, 


I. 


r  -  r  n  XZ 

ci  -'|-pLT^T 


(4.  5-113) 


X 


C2  =  V  P  I¬ 


XY 


(4.  5-114) 


*X 


Equations  (4.  5-113)  and  (4,  5-114)  may  be  used  to 
evaluate  Ijr^  and  from  flight  test  data  if  p,  q,  and  r 
are  known  accurately, 

In  space,  where  the  aerodynamic  forces  are  zero, 
the  principal  X  axis  moves  along  a  cone.  The  cone  half¬ 
angle  is  given  by  the  equation  (see  Eq,  4,4-23): 


tan  0 


(4.  5-115) 
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The  period  of  the  rotation  about  the  space  cone  is  given  by 
Eq.  (4.4-25).  Since  the  body  centerline  rolls  around  the 
principal  axis,  the  angle  of  attack  oscillate--  with  a  rela¬ 
tively  long  period  (rs)  and  a  peak-to-peak  ampLcude  of  20 
with  a  superimposed  short  period  (1/p)  oscillation  with 
peak-to-peak  amplitude  of  26. 


The  constant  shift  in  q  and/or  r  resulting  from 
nonzero  products  of  inertia  may  be  interpreted  in  terms 
of  angle  of  attack  using  the  following  equations  (see  Ref. 
4-9). 


a  q  JXY 
h  "  p  a  iy  - 1  ~ 


(4.  5-116) 


“5 


r  lXZ 

p'V1* 


(4.5-117) 


When  the  missile  descends  to  altitudes  where  the 
aerodynamic  forces  are  no  longer  negligible,  assuming 
that  aQ  and  p0  may  exist  as  well  as  and  j3^,  the  total 
angle  of  attack  is  given  by  the  equation  (see  Ref.  4-9): 


=  A 


03 


r  + 


(a  +  \2Qf.)‘ 
o  o 


1/2 


(4.5-118) 


where  A  is  defined  by  Eq.  (4.  5-1 6).  The  direction  of  the 
trim  force  is  defined  by  the  equation: 

ip  =  ip  +  Alp  (4, 5-119) 


where 

«a„  ^  ^ 

if  aQ  and  i  0. 


tan  ip 


xz 

lXY 


(4.  5-120) 


(4.  5-121) 
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if  a  =  a  »  0,  and 
o  o 


if  either  «  and  p  or  a,  and  $  *  0. 

o  006 

The  proper  quadrant  for  may  be  obtained  from 
the  signs  of  the  numerator  and  denominator  in  Eq.  (4.  5-120), 
For  tt0  ■  /3q  s  0,  the  trim  angle  of  attack  is  just  that  result¬ 
ing  from  products  of  inertia. 

Let 

a&  -  \^62+062  (4.5-123) 


Then,  the  amplification  factor  in  terms  of  is  given  by: 


Amplification  factor  = 


a. 


»  \2a 


(4.  5-124) 
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The  amplification  factor  is  zero  at  X  =  0,  has  the  same 
amplification  as  that  for  aerodynamic  trim  at  X  =  1  (namely, 
A),  and  approaches  unity  as  ®.  Therefore  the  products 
of  inertia  may  bo  important  at  X  near  or  greater  than 
unity  and,  m  combination  with  the  center  of  gravity  offset, 
could  result  in  resonance  lock-in.  The  effect  may  either 
augment  or  diminish  the  effect  of  other  asymmetries,  de¬ 
pending  upon  the  signs  and  magnitudes  (see  discussion  be¬ 
low)  of  Ixy  And  *XZ'  However  the  product  of  inertia 
asymmetry  in  comoination  with  the  center  of  gravity  offset 
cannot  result  in  spin  through  zero  since  the  roll  torque  at 
p  =  0  is  zero. 

Consider  a  vehicle  having  a  positive  roll  rate  at 
reentry  and  a  combined  in-plane  asymmetry  consisting  of 
a  center  of  gravity  offset  along  the  +Y  axis  and  a  positive 
product  of  Inertia  IXy  At  reentry  (X-  “)  a  positive  lXy 
results  in  a  positive  /3  (Eq,  (4,  5-116))or  a  force  F*,  along 
the  -Y  axis.  Since  F  rotates  clockwise  as  X  decreases, 

F  is  always  negative  and  the  roll  acceleration  result¬ 
ing  from  F  is  always  positive,  and  therefore  lock-in  at 
first  resonance  is  a  possibility. 
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Solving  Eqs,  (4,  5-1)  and  (4.  5-2)  simultaneously  and  retain¬ 
ing  just  the  f>  contributions  resulting  from  aerodynamic 
forces: 


.  _  I  .  *XY  m 

Substituting  for  l  and  m  using  Eqs,  (4,  5-4)  and  (4.  5-5); 
F  Y  IF  AX 

■  Vc.g.  /XY 

p  I  II 

X  X  Y 


Note  that  f) resulting  from  the  second  term  on  the  right  side 
of  the  equation  is  negative  since  Is  always  negative. 
Similarly,  if  a  negative  I-^y  had  been  selected  Fz  would 
always  be  positive.  Therefore  this  term  results  in  a  nega¬ 
tive  £>  regardless  of  the  sign  of  and,  for  positive  roll 
rates  at  reentry,  tends  to  prohibit  first  resonance  lock-in 
but  tends  to  cause  second  resonance  lock-in, 

In  a  manner  stmLlar  to  that  used  in  deriving  the 
criterion  for  lock-in  for  an  aerodynamic  asymmetry  and 
a  center  of  gravity  offset  \Eq.  (4,  5-G1)),  the  criterion  for 
lock-in  with  a  product  of  inertia  and  a  center  of  gravity 
offset  is: 


This  inequality  is  identical  to  the  inequality  for  an  aerody¬ 
namic  asymmetry  and  a  center  of  gravity  offset  (Eq. 

(4.  5-61))  only  for  the  particular  case  of  a  neutrally  stable 
vehicle  (AX/d  *  0),  which  Is  not  of  practical  Interest.  For 
any  statically  s tab ie_ve hide  (positive  AX/d),  Ofg  r/d  Is 
-dwajm  greater  than  aQ  r/d  for  a  given  Fj  and  Kr.  Solving 
for  ng  at  the  boundary  (the  above  equation  set  to  zero)  us¬ 
ing  the  binomial  theorem: 
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*6 


where 


F„ 


F, 


2F  F 
1  3 


Note  that  lock-ln  cannot  occur  unless: 


For  the  minimum  value  of  r/d, 

"a  -  f3#'Vp4|1  -kri  • 

Another  lock-in  requirement  is  that; 


(4. 5-125) 


^6 

min  max 

whereat  and  a.  are  given  by  Eq.  (4.  5-1  25)  using 
°mln  “max 

the  negative  and  positive  signs  of  the  radical  term,  re¬ 
spectively.  The  general  requirements  for  lock-in  for 
this  type  of  combined  asymmetry  are  as  shown  in  the 
sketch  for  a  particular  value  of  K^. 
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Note  that  ( F.^  r/^)mln  decreases  from  at  re¬ 
entry  (K^  =  0)  to  0  at  maximum  dynamic  pressure  (K«  5  1) 
and  then  increases  toVl1' 4  |  1  -  Kg  j  j  at  impact.  Current 

reentry  vehicles  are  designed  such  that  first  resonance 
occurs  at  0,  so  that  j  1  -  |  %  1 .  Assuming  p  does 

not  change  during  reentry,  it  may  be  shown  that  (l  -  K^|>] 
at  second  resonance.  Therefore  lock-in  is  not  possible  at 
first  or  second  resonance  for  any  value  of  if  the  vehicle 
can  be  constructed  so  that: 
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'  Substituting  for  F  and  F  ,  this  inequality  becomes: 


For  a  given  shape,  I^/lyi  Iy/md^,  and  Cmq/CN0  tend  to 

be  independent  of  size.  Then,  for  a  given  shape  and  AX/d, 

3/  2 

the  allowable  center  of  gravity  offset  varies  as  d  and 

[sin  (-y)|*^.  Therefore,  small  bodies  flying  shallow- 
angle  trajectories  are  more  susceptible  to  lock-in  than  are 
large  bodies  flying  steep- angle  trajectories. 

4.  5.  9  Unequal  Pitch  and  Yaw  Moment  of  Inertia 

For  a  body  whose  only  asymmetry  is  unequal  pitch 
and  yaw  moment  of  inertia,  the  equations  of  motion 
(neglecting  small  terms)  become; 

-  Uy  -  !z)qr  (4.9-126) 

£)Iy  =  m  -  pr(Ix  -  Iz>  (4.5-127) 

Mz  =  n  -  pq(Iy  -  Ix)  .  (4.  5-128) 


The  significance  of  the  (iy  -  I^)qr  term  in  Eq. 

(4.  5-126)  is  shown  (for  >  Iy)  in  the  sketch.  The  body 
has  mass  symmetry  except  for  two  small  equal  masses 
located  on  the  Y  axis  equally  distant  (AY)  from  the  center 
of  gravity.  At  some  instant,  the  bod_y  has  t.  transverse 
rate  of  rotation  shown  by  the  vector  ojy  At  this  time  the 
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I 

or  I  m 

I 


CF  »  CENTRIFUGAL  FORCE 


body  rotates  about  an  axis  coincident  with  uSy,  and  the 
centrifugal  force  acting  on  produces  a  couple 
- 2mi AY^qr  =  (Iy  -  Iz)qr  about  the  X  axis.  The  roll 
torque  is  negative  when  Wy  lies  in  quadrants  I  and  III  and 
positive  when  aJy  lies  in  quadrants  II  and  IV.  At  very  high 
altitudes  (X- “),  the  terms  m  and  n  in  Eqs.  (4.  5-1 27) 
and  (Ft.  5-128)  are  negligible  and  the  equations  for  q  and 
r  are  those  given  by  Eqs.  (4.  4-18)  and  (4.  4-19): 

q  a  coT  cos  Wgt  (4.  5-1  20) 

r  =  -  oirr  sin  ui  t  .  (4.  5-130) 

T  g 

At  t  =  0,  u?y  lies  along  the  positive  Y  axis  and,  for  posi¬ 
tive  p,  rotates  counterclockwise  with  constant  amplitude 
and  frequency  as  t  increases.  Therefore,  the  asym¬ 
metric  mass  and  the  rotation  of  oiy  result  in  a  roll  rate 
oscillation.  Two  cycles  of  oscillation  in  roll  rate  occur 
for  each  revolution  of  ujy  about  the  Z  axis.  The  equation 
for  the  roll  rate  history  is  obtained  by  substituting  Eqs. 

(4.  5-129)  and  (4.5-130)  into  (4.  5-126)  and  integrating  to 
give; 
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Therefore,  the  roll  rate  trace  in  the  exoatmosphere  oscil¬ 
lates  as  a  squared  sine  function  with  a  peak-to-peak  ampli 
tude  of: 


The  frequency  of  the  oscillation  Is  2u)  . 

gl 

When  the  vehicle  descends  to  altitudes  where  aero¬ 
dynamic  forces  are  no  longer  negligible,  the  wy  develops 
a  pattern  of  motion  that  depends  upon  the  initial  conditions 
and  the  vehicle's  aerodynamic  characteristics. 

Unless  the  rotation  of  about  the  Z  axis  be¬ 
comes  very  slow,  a  net  change  in  the  magnitude  of  p  is 
unlikely  and  the  effect  on  the  reentry  trajectory  is  negligi¬ 
ble.  Under  some  conditions  it  has  been  found  (Ref.  4-10) 
that  the  direction  of  rotation  co-p  about  the  Z  axis  actually 
changed  directions  during  reentry.  During  the  period 
when  the  rotation  changed  sign,  a  significant  reduction  In 
roll  rate  occurred. 

The  possibility  of  encountering  difficulty  as  a  re¬ 
sult  of  unequal  Iy  and  Ir,  appears  to  be  remote,  and  this 
type  of  asymmetry  is  not  considered  further  in  this  report. 


Vi 


k 


i 


I 

I 
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4.5,10  Applicability  of  Trim  Characteristics  at  Resonance 

In  preceding  subsections,  it  was  assumed  that  trim 
conditions  are  attained  at  first  resonance.  However  the 
resonance  condition  is  approached  very  rapidly  and  large 
changes  in  trim  occur.  Unless  the  missile  can  respond 
very  quickly  to  the  changing  trim  conditions,  the  missile 
will  pass  through  resonance  without  attaining  large  ampli¬ 
fications  in  the  angle  of  attack.  The  weathercock  frequency, 
oi£,  Is  an  Indication  of  the  ability  of  the  missile  to  respond 
to  a  change  in  trim.  If  is  high  the  missile  response 
time  is  short;  if  is  low  the  missile  response  time  is 
long.  Since 


CN  AXqS 


a)A  is  proportional  to  V?.  Therefore,  no  matter  how  much 
static  stability  (AX)  the  missile  has,  the  response  time  is 
always  long  at  very  high  altitudes.  If  resonance  occurs  at 
a  sufficiently  high  altitude,  trim  conditions  are  not  attained 
and  the  loads  and  lock-in  criteria  based  on  trim  equations 
are  not  valid. 

The  conditions  for  which  trim  theory  is  valid  have 
not  been  examined  in  the  literature,  In  order  to  provide 
some  instght  into  this  problem,  a  brief  study  was  made 
of  the  lock-in  criteria  using  a  six-degree-of-freedom  tra¬ 
jectory  simulation. 

Trajectories  were  computed  for  three  bodies  hav¬ 
ing  the  following  mass  and  aerodynamic  characteristics: 
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Characteristic 

Body  A 

Body  B 

Body  C 

CA 

0,  104 

0.  104 

0.  104 

CM 

2 

0.  88 

2 

X  1 

rv 

C 

-1 

-1 

-2.  2B 

m 

q 

AX/d 

0.  114 

0.  261 

0.  114 

i„ 

30 

3 

3 

m 

31,1 

31.1 

31.  1 

d 

3.  5 

3.  5 

3.  5 

300 

30 

30 

Body  A  Is  the  body  used  for  all  examples  In  this  report, 
and  additional  characteristics  for  this  body  are  given  in 
Table  2-1,  Bodies  B  and  C  have  the  same  value  of 
(tee  Eq.  (4,  5-62))as  has  A,  Therefore,  the  lock-in 
criterion  (based  on  trim  conditions)  for  a  combined  asym¬ 
metry  consisting  of  a  center  of  gravity  offset  and  an  aero¬ 
dynamic  trim  (see  Eq,  (4,  5-61))  is  the  same  for  all  three 
bodies.  However,  for  a  given  altitude,  is  higher  for 
B  and  C  than  that  for  A  by  a  factor  of  about  3,  and 
therefore,  for  resonance  at  high  altitudes,  B  and  C  are 
more  likely  to  attain  trim  conditions  than  A. 

The  trajectory  initial  conditions  used  in  this  study 
are  Vg  =  20  000  ft/sec,  yg  =  -30°,  and  hg  =  400  000  feet. 
An  in  plane  combined  asymmetry  was  used  for  the  first 
set  of  calculations.  The  asymmetry  consisted  of  a  center 
of  gravity  offset  (r/d  =  0.  001)  along  the  +Y  axis  and  a 
positive  yaw  moment  coefficient  (Cn  ).  The  altitude  for 
first  resonance  was  varied  from  about  40  000  to  140  000 
feet  by  changing  the  initial  roll  rate,  For  each  initial 
roll  rate,  Cn  was  increased  until  lock-in  occurred,  Out 
of  plane  asymmetries  were  considered  using  the  same 
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center  of  gravity  offset  with  positive  and  negative  values 
of  pitch  moment  coefficient  (Cm  ).  Values  of  are 
erectly  related  to  Cn^  and  Cmo°(Bec  Eqs.  (4,  5-07), 

(4.  5 -OH),  and  (4.  5-0!))). 

Three  aspects  of  trim  theory  arc  important  in  the 

establishment  of  lock-in  criteria. 

1.  Maximum  angle  of  attack  occurs  at  X  =1 
(or  to  a  =  Pe 

2.  At  X  =  1  the  amplification  in  angle  of  attack 
(«/a0  or  iv/eig)  is  1  ID. 

3.  At  X  3  1  the  plane  of  the  angle  of  attack 
(defined  by  A0)  has  rotated  90°  from  its 
value  at  reentry  (K  *  0). 

The  results  from  the  slx-degree-of-freedom  tra¬ 
jectories  for  body  A  with  pg  *  1000°/ sec  (corresponding 
to  first  resonance  at  80  000  feet)show  that  none  of  the 
three  assumptions  was  valid  for  this  resonance  altitude. 

The  magnitude  and  plane  of  a  lagged  the  trim  values  and 
the  peak  amplification  was  much  less  than  1/D.  The 
sketch  shows  a  comparison  of  the  a  and  time  histories 
as  given  by  trim  and  simulation  results. 

The  trim  a  history  reached  a  peak  value  at  X  3  1 
where  lock-in  was  assumed  to  occur  and  then  decreased 
with  increasing  time,  since  D  increased  with  time.  The 
trim  value  of  |  Aii>|  decreased  from  180°  to  90°  at  X  3  1  and 
remained  at  90°_aa  time  Increased,  The  simulation  re¬ 
sults  show  that  a  built  up  to  a  maximum  value  but  lock-in 
did  not  occur.  Following  amax,  the  missile  began  a  coning 
motion  with  no  large  excursions  in  roll  rate.  The  peak  <v 
was  about  one-third  of  the  trhn  value  at  the  initial  first 
resonance  altitude;  the  peak  a  occurred  about  1.  5  seconds 
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later,  or  about  15  000  feet  lower  In  altitude  than  that  cor¬ 
responding  to  first  resonance  altitude;  the  plane  of  a 
rotated  through  an  angle  of  90°  about  0.  7  second  later, 
or  about  7000  feet  lower  in  altitude  than  that  correspond¬ 
ing  to  first  resonance  altitude,  The  angle  of  attack  ampli¬ 
fication  effect  results  in  larger  values  of  the  asymme¬ 
tries  required  for  lock-in  than  those  given  by  trim  theory. 
Under  some  conditions  the  lag  effects  would  be  similar  to 
lowering  the  first  resonance  altitude  and,  thuB,  asymme¬ 
tries  required  for  lock-in  based  on  trim  theory  would  be 
too  high.  However,  for  altitudes  where  first  resonance 
usually  occurs,  the  amplification  effect  is  predominant 
and  the  required  asymmetries  for  lock-in  based  on  trim 
theory  are  too  low. 
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The  condition  required  for  lock -In  is  given  by  Eq, 
(4.5-58).  If  trim  conditions  are  attained,  then  Eq.  (4.  5 - 5 B) 
may  be  simplified  to  Eq,  (4.  5-61).  Both  equations  are 
plotted  In  Fig,  4-17  for  body  A  for  an  In  plane  (k  =1)  and 
an  out  of  plane  (k  =  1/2)  asymmetry.  Note  that  the  assump¬ 
tion  that  trim  conditions  exist  implies  very  large  values  of 
the  roll  amplification  factor  G  at  the  higher  altitudes. 

Also  shown  are  the  a0  r/d  values  required  for  lock- In  ob¬ 
tained  from  simulation  results.  At  the  lower  altitudes 
trim  theory  provided  the  correct,  criterion  for  lock-in  for 
In-plane  asymmetry;  at  the  higher  altitudes  the  values  of 
n0  r/d  required  for  lock-ln  obtained  from  simulation  re¬ 
sults  were  somewhat  higher  than  those  given  by  trim  theory. 
In  fact,  the  lock-tn  boundary  is  very  nearly  a  constant  G 
contour.  The  results  also  indicate  that  the  r/d  value 
required  for  lock-ln  for  the  out  of  plane  asymmetry  Is 
about  twice  that  required  for  the  In  plane  asymmetry  as 
predicted  by  trim  theory. 

Similar  trajectories  for  bodies  having  In  plane  asym¬ 
metries  were  calculated  for  bodies  B  and  C  for  an  alti¬ 
tude  of  136  000  feet  only.  These  results  (Figs.  4-18  and 
4-19)  show  that  bodies  B  and  C  achieve  ari  effective  roll 
amplification  of  about  19  compared  to  a  value  of  about  12 
for  body  A.  Although  B  and  C  have  the  same  response, 

C  was  much  closer  to  a  trim  condition  than  was  B,  Note 
that  for  an  altitude  of  136  000  feet  the  trim  condition  for 
C  corresponds  to  G  27,  whereas  trim  for  B  corre¬ 
sponds  to  G«s  60. 

These  results  indicate  that  u)^  la  one  factor  which 
affectB  the  attainment  of  trim  but  It  is  not  the  only  factor, 
and  much  work  Is  required  In  order  to  define  conditions 
for  which  trim  theory  Is  applicable, 

Trajectories  were  also  computed  for  body  A  for  a 
combined  in-plane  asymmetry  consisting  of  a  product  of 
inertia  and  a  center  of  gravity  offset.  In  this  case  5^  was 
held  constant  at  0.  036°  and  r  was  varied  until  lock-in 
occurred.  The  altitude  for  first  resonance  was  89  000 
feet.  The  results  show  that  lock-ln  occurred  at  a  value  of 
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r/d  «  2,  6  x  1 0  .  If  the  asymmetry  had  been  an  aero¬ 

dynamic  asymmetrj^and  a  center  of  gravity  offset,  the 
simulation  value  of  otQ  r/d  would  have  been  1.  2  x  10“^  (see 
Fig.  4-17).  This  ratio  of  about  2  to  1  between  the  two 
types  of  combined  asymmetries  Is  nearly  the  ratio  obtained 
using  trim  Eqs.  (4,  5-61 )  and  (4.  5-1 25).  Therefore,  al¬ 
though  trim  was  not  attained  for  either  set  of  asymmetries, 
the  relative  behavior  In  terms  of  lock-in  criteria  was 
properly  prrd  .  -.■'d  using  trim  equations, 

Until  au^ltlonal  data  become  available  regarding 
the  applicability  of  the  trim  equations,  the  following  com¬ 
ments  appear  to  be  valid: 

1,  Trim  equations  pro.dde  a  valid  criterion  for  the 
lock-ln  condition  provided  the  roll  amplification  factor 
Implied  by  trim  Is  not  too  high, 

2,  At  resonance  altitudes  where  trim  conditions 
imply  very  high  values  of  Q,  trim  Is  not  attained,  and 
trim  theory  predicts  asymmetry  boundaries  that  are  too 
low. 

3,  Values  of  oQ  r/d  required  for  lock-ln  at  very 
high  altitudes  tend  to  follow  a  constant  G  contour  rather 
than  that  defined  by  the  trim  equation. 

4,  The  limits  of  G  for  which  trim  conditions  are 
attained  are  probably  a  function  of  many  variables.  For 
the  bodies,  trajectory,  and  Initial  reentry  conditions  used 
in  this  study,  values  of  G  greater  than  10  to  20  were  not 
attained.  Until  more  work  is  done  on  this  problem,  trim 
theory  may  be  used  to  estimate  the  asymmetries  required 
for  lock-Ln.  However,  the  resultB  for  conditions  corre¬ 
sponding  to  values  of  G  greater  than  about  20  should  be 
considered  as  questionable. 

5,  For  an  out  of  plane  asymmetry,  the  required 
a0  r/d  for  lock-ln  Is  larger  than  that  for  the  in  plane 
asymmetry  as  predicted  by  trim  theory.  Also  the  relative 
magnitude  of  combined  asymmetry,  and  r,  and  com¬ 
bined  asymmetry,  aQ  and  r,  are  properly  defined  by  trim 
equations. 
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4.6  EXAMPLES 
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SUMMARY 


Examples  illustrating  the  material  presented  in 
Section  4  are  presented  in  this  subsection.  The  following 
specific  problems  are  considered; 

Example  1  -  Minimum  energy  trajectory  for  non- 
rotating  earth 

Example  2  -  Ballistic  trajectory  for  rotatLng  earth 

Example  3  -  Body  motion  (oscillation)  character¬ 
istics!  in  the  exoatmosphere 

Example  4  -  Histories  of  reentry  velocity  and 
related  factors 

Example  5  -  Body  loads  as  affected  by  a  combined 
asymmetry  (center  of  gravity  offset 
and  a  distorted  body) 

Example  6  -  Roll  lock-in  aa  affected  by  the  com¬ 
bined  asymmetry  of  Example  5 

Example  7  -  Roll  lock-tn  as  affected  by  a  com¬ 
bined  asymmetry  -  center  of  gravity 
offset  and  nonzero  product  of  inertia 
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4,  6,  1  Example  1 

Compute  the  characteristics  of  a  minimum  energy 
trajectory  (MET)  for  a  nonrotating  earth  for  a  launch  from 
=  0°,  Al,  s  0°  to  a  target  at  =  45°,  Aj  =  45°. 

The  range  is(Eqs.  (4.  2-1  7)  and  (4.  2-1  8)) 

U  =  3610  nmi, 

The  range  angle  is  (Eq.  (4,  2-18))  20Q  ■-  20g  =  60°. 

The  azimuth  angle  at  launch  is  (Eq.  (4,  2-20)) 

I/jli  =  35.4°. 

For  an  MET,  the  Initial  flight  path  angle  Is 
(Eq.  (4.1-10)) 

y  =  45°  -  15°  =  30°. 

'o 

From  Eq.  (4. 1-11)  Vc  =  0.  815  and,  assuming  the 
initial  altitude  to  be  sea  level,  the  Initial  velocity  is 

V  ■=  0.  815  (26  000)  =  21  200  ft/Bec. 
o 

The  peak  altitude  of  the  trajectory  is  (Eq.  (4.  1-22)) 

h  =  635  nmi. 
a 

The  velocity  at  peak  altitude  is  (Eq.  (4,1-24)) 

Va  =  15  500  ft/sec,  or  about  73%  of  the  initial  velocity. 

The  time  to  impact  is  (Eq.  (4.  1-17))  t  =  1480 
seconds. 

4.  6.  2  Example  2 

For  a  rotating  earth,  determine  the  characteristics 
of  a  trajectory  fired  with  initial  conditions  VQ,  y0,  and 
(relative  to  earth)  computed  in  Example  1. 

The  inertial  quantities  V,  y,  and  $  at  launch  are 
(Eqs.  (4.2-7),  (4.2-8),  and  (4.  2-1 0)): 
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“>n*L  ,  1  + _ _  .  1  ,42 

tan^^  21  200  cos  30  sin  35,  4 


tan  ipT  =  1. 142  tan  35.  4 

I  j 


1 1)  =  US).  1° 


T~°  1  +  COB  30  stn  35.4  -gpjfofl  =1.030 
e 


VL  =  1.  036  (21  200)  =  22  000  ft/sec 

V  -  *1°°°  =  0.845 
L  26000  ‘  ° 


sin  y 


L  21  200 


sin  V  22  000 
e 


=  0.  063 


siny.  =  0.  963  (0.  50)  ■  0,  482 
L 


y  =  28.  9° 

JLj 


Therefore  the  effect  of  earth  rotation  is  to  increase  the 
initial  inertial  velocity  by  about  3,  6%,  to  lower  the  flight 
path  angle  by  1.  1°,  and  to  Increase  the  azimuth  angle  by 
3.  7°.  These  changes  would  have  opposite  signs  if  the 
vehicle  had  been  fired  in  a  westerly  direction. 

Using  and  ylj  for  VQ  and  7 Q,  the  equations 
given  in  Section  4.  1  apply.  However,  note  that  the  tra¬ 
jectory  is  not  an  MET  since  Eq.  (4. 1-11)  is  not  satisfied, 
For  the  given  a  minimum  energy  trajectory  would 
havey^  =  28,1  so  that  the  trajectory  being  considered  is 
slightly  high  compared  to  anf  MET, 
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The  nonrotating  earth  range  angle  is  (Eq,  (4,  1-7)): 
2 0o  *  G7.  4°  . 

The  corresponding  range, ro(20o)  =  4020  nml, is  the  arc 
length  traveled  in  Inertial  space  (or  the  range  on  a  non¬ 
rotating  spherical  earth  for  initial  conditions  VT  ,  Vi  , 

i  t  L.i  *'A 

anti  iK  ), 


The  impact  time  is  (Eqs.  (4, 1-5)  and  (4, 1-16)) 
t  =  1660  seconds. 

The  impact  latitude  Is  unaffected  by  earth  rotation 
and  la  a  45«, 

The  impact  longitude  is  (Eq.  (4.  2-16))  Aj  a  40.  4°. 

The  impact  range  is  (Eqs. (4.  2-17)  and  (4.  2-18)) 

R  =  3780  nml. 


A  summary  of  the  results  iB  given  below: 


Quantity 

Norn  otating 
Earth 

Rotatin 

Earth 

Flight  time  (seconds) 

14B0 

1660 

Impact  latitude  (degrees) 

45.  0 

45.  0 

Impact  longitude  (degrees) 

45.  0 

49.  4 

Impact  range  (nml) 

3610 

3780 

For  the  Initial  conditions  used,  the  effect  of  earth 
rotation  is  to  increase  the  range  by  170  nml  and  to  in¬ 
crease  the  flight  time  by  180  seconds. 

4.  6.  3  Example  3 

The  typical  reentry  body,  having  mass  character¬ 
istics  defined  in  Table  2-1,  is  separated  from  its  booster 
in  the  exoatmosphere.  At  separation,  the  body  is  spun 
about  its  longitudinal  axis  at.  a  rate  of  360°/sec  and, 
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unintentionally,  is  given  a  transverse  rate  of  GO0 /sec:. 
Determine  the  characteristics  of  the  body  motion  during 
its  travel  in  the  exoatmosphere. 

The  only  forces  acting  on  the  missile  arc  weight 
and  the  forces  resulting  from  the  body  rates,  Under  the 
influence  of  these  forces,  the  body  is  gyroscopicnlly  sta¬ 
bilized,  and  the  transverse  rate  imparted  at  separation 
results  in  the  contcal  motion  described  in  Section  4.4. 1. 

The  period  of  the  motion  is  (Eq.  (4.  4-25)): 

r  =5.12  seconds, 
s 

The  signal  strength  of  a  tracking  radar  varies  with  the 
attitude  of  the  reentry  vehicle.  Therefore,  the  radar  sig¬ 
nal  strength  would  oscillate  with  a  period  rfl  =  5.  12  sec¬ 
onds. 

The  semlcono  angle  of  the  space  cone  Is  (Elq, 
(4.4-23))  0  a  Bl)8,  The  body  rates  measured  by  on-board 
rate  gyros  have  the  following  characteristics  (assuming 
a  symmetrical  vehicle): 

1.  The  roll  rate  Is  constant  and  equal  to  3G0°/nec. 

2,  The  pitch  and  yaw  rates  very  sinusoidally 
about  zero  with  peak  values  of  ±G08/soc,  The  pitch  and  yaw 
rates  are  00°  out  of  phase.  The  period  shown  on  the  traces 
is  (Eq.  (4.  4-24)): 

Tg  =  1.11  seconds  . 

If  the  body  were  spin  stabilized  so  thnt  the  totnl 
angular  momentum  vector  It  were  along  the  flight  puth_ 
direction  at  reentry,  during  the  early  phase  of  reentry  a 
would  be  constant  and  equal  to  5[)°._  However,  the  pitch 
and  yaw  (inertial)  components  of  a  would  oscillate  with 
a  half-amplitude  of  59°  and  a  period  of  5. 12  seconds. 
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4.  G.  4  Example  4 

Determine  the  effect  of  the  atmosphere  on  the  mo¬ 
tion  of  the  reentry  body  using  the  following  reentry  condl  - 
t  Ion  a : 

hc,  *  4  00  000  feel 
E 

V  -  20  000  ft /sec 

u 

rE  -  -3o« 

p„  »  0°/sec  nntl  360*/ sec  (Ci.  2H  rad/aec) 

00  rp  3  0 

Use  the  1902  Standard  Atmosphere  given  in  Table  3*1  and 
the  mass  and  aerodynamic  characteristics  given  in  Table 

2-1. 


Since  mT  =  0,  the  vehicle  is  not  in  a  conical  motion 
nB  was  described  in  the  previous  problem.  Tho  angle  of 
attack  a  remains  constant  and  In  tho  original  plane 
(Inertial  pitch  and  yaw  angles  of  attack  remain  constant) 
until  aorodynamlo  forces  begin  to  affect  the  motion  by 
causing  decay  in  a.  Using  a/aE  ■  0.90  as  the  beginning 
of  the  a  decay,  for  pE  «  360°/sec: 

■fi-(Kq.  (4.  4-55))  »  3.  21  x  10'7  , 

Pn 


From  Table  3-1,  this  density  ratio  corresponds  to  an 
altitude  between  300  000  and  350  000  feet.  A  more  com¬ 
plete  table  shows  the  altitude  to  be  h  =  332  000  feet.  If 
the  Initial  roll  rate  were  zero,  Eq,  (4,4-41)  could  be 
used  to  obtain  the  altitude  at  which  the  a  decay  begins 


P  ..  0.  02  (300)  (32.  2)  (0.  25) 

P"  H  *  9.G5(2)(0,4)  (2iT6r 

o 


2.  06  x  10"'j  feet. 


-  243  - 


THt  JOHN*  UhlVtWtiTv 

applied  physics  laboratory 

fciuv**  M**n«*n 


Using  the  characteristics  ol'tliL1  1  !H>2  Standard  Atmosphere, 

P 

this  value  of  p—  II  corresponds  to  an  altitude  of  about 

350  000  feet.  Therefore,  the  effect  of  the  300° /sec  spin 
rate  was  to  delay  the  ft  decay  by  about  IB  000  feet, 


The  ft  decay  histories  may  be  computed  using 
Eqs,  (4,4-44)  and  (4.4-53),  In  order  to  evaluate  these 
equations,  the  variations  of  w*  and  K  with  altitude  are 
required.  Those  characteristics,  obtained  using  Eqs. 

(4.  3-(i)  and  (4,  3-23)  and  the  atmosphere  defined  In  Table 
3-1,  are  listed  In  Table  4-1.  From  Eq.  (4,4-45)  and 
Table  2-1,  the  damping  constant  Is: 

C3  -  7.  0. 

About  00%  of  C3  comes  from  the  term  and  40%  from 

the  Cni(^  term,  The  ft  decay  history  for  the  rolling  body 

was  computed  using  Eq.  (4.  4-53),  and  the  results  nre 
shown  In  Fig.  4-20.  Also  shown  is  the  case  of  tho  non- 
rolling  missile  and  the  case  of  n  rolling  missile  with 
C3  »  0.  For  tho  rolling  vehicle,  the  effect  of  the  damp¬ 
ing  term  is  negligible  for  altitudes  above  about  150  000 
feet.  For  altitudes  below  about  (JO  000  foot,  the  cv  history 
for  the  rolling  case  (with  damping)  Is  nearly  the  same  ns 
that  for  the  nonrolling  case,  However,  nt  altitudes  above 
(JO  000  feet,  the  angle  of  attack  at  a  given  altitude  for  tho 
rolling  body  Is  significantly  higher  than  that  for  the  non¬ 
rolling  body.  This  fact  could  be  Important  for  some  mis¬ 
siles  In  which  the  peak  lateral  load  occurs  at  these  alti¬ 
tudes.  For  the  body  studied,  the  peak  lateral  load  result¬ 
ing  from  occurs  at  an  altitude  (Eq.  (4.  4-50))  for  which: 


r  3  1 

"  4  <7.  G  +  0,  75) 


0.  000 


From  Table  4-1,  this  value  of  K  corresponds  to  nn  nltl 
tude  of  about  B5  000  feat.  The  altitude  for  maximum  g^ 
is  the  same  whether  or  not  tho  missile  is  rolling,  How¬ 
ever,  as  a  result  of  the  ft  histories,  gj  for  the 
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rolling  missile  is  about  45%  greater  than  that  for  a  non- 
rolling  vehicle  (Eqs,  (4,  4-00)  and  (4.  4-611)).  PorSg  *  10°, 
gj Jmnx  for  H  rolling  vehicle  is  2.  75g  compared  to  1 .  Or  for 

a  nonrolling  vehicle. 

The  reentry  velocity,  Mach  number,  and  Reynolds 
number  arc  important  environmental  factors  that  affect 
body  loads  and  temperature,  The  time  history  of  these 

characteristics  estimated  using  Eqs,  (4,  3-5),  (4.  3-7), 
and  (4,  3-10)  and  the  atmospheric  characteristics  given  In 
Table  3-1  are  listed  In  Table  4-1, 


The  Mach  num!  ,»r  history  shows  that  the  vehicle  Is 
in  the  hypersonic  regime  (M  as  0)  down  to  an  nltitude  of 
about  15  000  feet  and  is  supersonic  from  15  000  feet  to 
impact.  The  Reynolds  number  history  shows  that  transi¬ 
tion  on  the  body  would  be  expected  at  an  altitude  of  about 
110  000  feet  (He  «  107)  with  laminar  flow  at  higher  alti¬ 
tudes  and  turbulent  flow  at  lower  altitudes.  The  heatLng 
rate  to  the  conical  surface  of  the  body  would  Increase  by 
a  factor  of  2  to  3  when  the  flow  becomes  turbulent,  and 
therefore  asymmetries  that  result  from  heating  would  bo 
expected  to  increase  rapidly  at  the  transition  nltitude, 

The  aerodynamic  frequency  data  show  that  roll  resonance 


135  000  feet,  It  should  be  noted  that  the  vehicle  is  approach¬ 
ing  a  second  resonance  condition  at  impact,  and  any  asymme¬ 
tries  tlmt  exist  near  altitudes  of  1  35  000  feet  and  sea  level 
arc  likely  to  be  amplified.  The  computed  values  of  M/Rc 
show  that  free  molecular  flow  regime  begins  at  altitudes 
well  above  400  000  feet  (M/Re<*  10),  transition  flow  exists 
down  to  an  nltitude  of  about  250  000  feet  (M /\f  Re  «  0,  1), 
slip  flow  exiBts  at  altitudes  from  250  000  to  140  000  feet 
<M/\f  R0  *  0,  01),  and  continuum  flow  exists  at  altitudes  from 
140  000  feet  to  sea  level,  The  time  from  400  000  feet  to 
impact  is  about  46  seconds  compared  with  nbout  39  sec¬ 
onds  if  the  atmosphere  were  absent.  Therefore,  tne  atmo¬ 
sphere  in<  l  eased  the  flight  time  by  nbout  10  seconds. 
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Although  not  shown  In  the  tnblc,  several  other 
Important  considerations  may  bo  obtained  from  the  equa¬ 
tions  given  In  Section  4,  11.  Using  the  ratio  qu/qQ  - 

H  Hmnx 

0,  1  as  an  Indication  of  conditions  where  heating  Is  signifi¬ 
cant,  the  altitudes  arc  computed  (Eqs.  (4.  3-11)  nnd 
(4,  3-10))  to  be  about  190  000  feet  for  the  beginning  of  the 
boating  period  and  about  111  000  feet  lbr  the  end  of  heating 
with  the  maximum  heating  rate  at  an  altitude  of  about 
50  000  feet,  The  longitudinal  decelorntion(Ki|s.  (4.  3-9) 
and  (4,  3-14))  Is  maximum  nt  an  altitude  of  about  35  000  feet 
where  g^  ayftl  “k4g>  The  Inflection  points  in  the 

versus  time  curve  (Eq.  (4,  3-19))  occur  nt  altitudes  of 
58  000  and  10  000  feet. 

The  results  obtained  In  this  problem  nre  sum¬ 
marized  In  Fig.  4-21,  Although  the  altitude  bands  shown 
vary  slightly  depending  upon  vehicle  geometry  and  trajec¬ 
tory  characteristics,  the  results  are  typical  of  high  [j  re¬ 
entry  bodies.  Note  that,  practically  all  of  the  quantities 
of  interest  occur  nt  altitudes  below  about  150  000  feet  and 
therefore  are  In  the  continuum  flow  regime,  Both  laminar 
and  turbulent  flow  conditions  exist  in  this  altitude  region, 
all  three  Mach  number  regimes  occur  (although  only  two 
occurred  for  this  trajectory),  and  both  oscillatory  and 
trim  types  of  body  motion  may  be  important, 

4.  0,  5  Example  5 

Suppose  the  reentry  vehicle  has  a  center  of  gravity 
offset,  from  the  body  centerline  of  0,042  inch.  Further¬ 
more,  assume  that  as  a  result  of  oxontmosplieric  blast 
effects  the  body  is  distorted  so  that  the  body  centerline 
Is  an  are  of  a  circle  and  that  the  tangent  to  the  centerline 
changes  by  0.  25°  from  bnso  to  nose  tip,  Use  the  same 
initial  conditions  as  were  used  for  Example  4  except  use 
Pg  =<  1000°/see,  Assess  the  probability  that  the  missile 
wUl  encounter  excessive  lateral  loads.  For  this  problem 
we  will  define  g^  s  20g  as  excessive. 
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From  Eq,  (2-35)‘the  Cm  resulting  from  the  bent 

llLo 

body  is  0.  002.  We  will  assume  that  the  lateral  location 
of  the  center  of  pressure  and  center  of  gravity  are  unaf¬ 
fected  by  the  bent  body, 

From  Eq.  (4.  5-65)  the  trim  angle  of  attack  result¬ 
ing  from  Clvl  Is: 


0.  002 
2  x  0.  114 


x  57.  3  =  0.  6°. 


The  trim  angle  resulting  from  the  center  of  gravity  offset 
Is  (Eq.  (4.  5-64)): 


0.  104 


0.  042 
42  ‘ 


2x0.  114 


x  57.  3  =  0.0261°  . 


Therefore,  the  total  trim  angle  a0  Is  very  nearly  the  angle 
resulting  from  the  bent  body  and  we  will  use  et0  a  0.  5°. 

The  equation  for  gL  Is; 


For  the  moment  assume  that  no  amplification  in  a0  occurs, 
so  that  A  =  1.  For  this  case,  the  largest  possible  value 
of  gL  occurs  at  q max.  From  Eq.  (4.  3-13)  qmnj{  nuciu  h 

at  P/P0  *  a  °*  237,  corresponding  to  an  altitude 

of  35  000  feet  and  a  temperature  of  394°R.  The  magnitude 


1000  (20  000)2(0,  5) 
qmax  '  9330  (394) 


54  400  lb  /ft 


2 


gL  "  9.  2g 

max 
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Excessive  values  of  gj^  will  not  be  obtained  unless 
values  of  A  In  excess  of  2  are  obtained,  Amplifications 
of  this  magnitude  will  be  encountered  If  large  excursions 
in  roll  rate  occur  The  possibilities  that  must  be  con¬ 
sidered  are: 


1.  Roll  lock-in  at  first  resonance, 

2,  Roll  lock- in  at  second  resonance, 

3,  Spin  up  with  lock-in  at  some  intermediate 
altitude, 

4.  Spin  down  with  lock-in  at  a  negative  roll  rate. 

Assuming  that  lock-in  is  attained,  trom  Eq, 

(4,  5-1  G)  A  *  1/D  and  D  may  be  evaluat’d  using  Eq, 

(4.  5 -GO),  Substituting  these  equations  and  the  equation 
for  q  (Eq.  (4,  3-8))  into  the  equation  f« . i*  g|  ,  excessive 
loads  will  occur  when  the  following  inequality  is  .satisfied. 


a  a 

o 


57.  3  x  20  (k  -  C  )  gd 

_ q 

CN  ''E2 

a 


2  C.  ~ 
A  d 


AX 


k  j  fJ  I  n  7 


1/2 


lx 

I  > 

VK 


where  is  expressed  in  degrees. 

Substituting  for  the  mass,  aerodynamic,  and  tra¬ 
jectory  parameters,  and  assuming  H  constant  -  22  oiu.1 
feet: 


a  >■ 
o 


K 

0.  042  —  . 

Vk 


This  inequality  is  plotted  in  Fig.  1-22.  It  is  o'mri 
that  a0  =  0.  5 6  is  largo  on.  ugh  to  result  in  exe-saivi 
at  some  altitudes.  The  first  and  second  resonance 

are  the  altitudes  for  which  ~  Pr  =  Pj., 


eti 

a  I;  iiudef 


a  /se 
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Values  oI'gl'a  were  computed  using  Eq.  (4.  3-211)  and  the 
results  are  shown  In  Fig.  4-23.  First  resonance  occurs 
at  an  altitude  of  about  3!)  000  feet,  and  second  resonance 
occurs  at  an  altitude  of  about  4000  feet.  Therefore  roll 
lock-in  at  first  resonance  would  result  in  excessive  loads, 
hut  lock-in  at.  second  resonance  would  not. 

Depending  upon  the  value  of  0O,  the  roll  rate  may 
not  lock-ln  at  first  resonance  but  may  either  spin  up  or 
spin  down,  The  magnitude  of  the  decrease  In  roll  rate  is 
given  by  Eq.  (4.  5-93).  This  equation  may  also  be  used 
to  obtain  an  approximate  value  of  the  spin  up  character¬ 
istics.  However,  the  magnitude  of  Ap  in  this  case  will 
be  underestimated  slightly  since  the  amplification  in  eta 
and  the  change  in  the  angle  0  are  neglected.  Using  Eq. 

(4.  5 - U 3 )  and  assuming  values  of  0r  =  90°  and  270°  (which 
give  the  largest  values  of  Ap)  values  of  pr  were  computed 
and  are  shown  In  Fig.  4-23.  From  this  consideration  it 
is  found  that  the  asymmetries  are  not  large  enough  to  re¬ 
sult  In  roll  reversal.  Therefore,  resonance  at  negative 
roll  rates  may  be  eliminated  as  a  possible  condition  that 
would  result  In  excessive  loads.  However,  if  the  vehicle 
does  not  lock  in  at  first  resonance  but  spins  up,  reso¬ 
nance  may  occur  at  an  altitude  of  about  13  000  feet.  From 
Fig.  4-22,  resonance  at  this  altitude  would  result  in  ex¬ 
cessive  loads.  Therefore,  the  problem  is  reduced  to  an 
evaluation  of  whether  or  not  lock-in  will  occur  at.  altitudes 
of  89  000  and  1  3  000  feet. 

The  criterion  for  lock-in  is  (Eq.  (4.  5-61)): 


Using  the  data  given  in  Tables  2-1  and  3-1  and  the  trajec¬ 
tory  characteristics,  the  value  of  (Eq.  (4.5-62))  is 
5.  4  x  10-6  for  h  =  89  000  feet  (PI  =  21  700  feet)  and  is 
4.  7  x  10-6  for  h  =  13  000  feet  (H  =  25  000  fee_t).  Using 
r/d  =  0.  042/12(3.5)  =  0.  001  and  expressing  aQ  in  degrees: 
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rt  L-  0.  31  - - — —  1'or  l!  =  H!I  000  feet 

o  k 


H 

>  0.  2 7 - - - — -  for  h  10  000  feet. 

k 

Using  the  data  of  Table  4-1  a  plot  of  K  versus  altitude 
shows  that  1<R  -  0.  077  at  80  000  feet  and  1<R  =  2.  5 B  at 
13  000  feet.  Therefore,  the  criteria  for  lock-in  are: 


0.280 . .  . 

«y  — ; lor  h  =  80  000  ieet 

o  k 


-0. 427 

->  i 

k 


for  h  8  13  000  feet. 


The  value  of  k  depends  upon  the  value  of  0O  and,  for 
lock-in  to  occur,  k  must  be  positive  for  KR  <  1  and  nega¬ 
tive  for  KR  >  1.  For  this  prohlei  i  wo  must  assume  that 
0 o  may  have  any  value.  Therefore,  we  must  consider  the 
following  possibilities: 


Resonant  Altitude 

to 

k 

SoJL 

89  000  feet 

0° 

1 

0.  28G 

90° 

0.  5 

0.  572 

270* 

0.  5 

0.  5  72 

13  000  feet 

270° 

-0.  5 

0,  354 

The  other  two  values  of  0O  having  negative  values  for  k 
for  the  13  000  foot  case  are  ruled  out  since  the  0O  -  270° 
value  is  required  to  provide  spin  up  during  reentry  (see 
Eq,  (4.  5-93)).  Of  the  four  possibilities  only  the_0Q  0° 
case  with  resonance  at  89  000  feet  satisfies  the  <v  cri¬ 
terion. 


In  the  preceding  discussion  we  considered  only  in¬ 
plane  and  out-of-plane  conditions.  For  intermediate  values 
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of  0O,  0fo  may  be  divided  into  in-plane  and  out-of-plane 
components.  Any  value  of  0O  for  which  the  component  of 
etQ  in  the  0Q  =  06  direction  is  2  0.  286  will  result  in  exces¬ 
sive  values  of  g^.  The  possibilities  are  shown  in  Fig. 
4-24.  Any  value  of  0Q  defined  by  points  from  A  to  D 
(shorter  arc  length)  will  result  in  excessive  values  of  g^. 
Since  any  value  of  0Q  is  equally  likely  to  occur,  the  proba 
billty  of  encountering  excessive  Is: 


,  -1  0.  280 
*  2  C0B  oTsffi 

360 


0.  31  . 


4.  6.  6  Example  6 

For  the  trajectory  used  in  Example  4,  estimate  as 
a  function  of  pjg  the  maximum  allowable  <v0  combined  with 
r  »  0.  042  inch  so  that  neither  lock-in  at  first  resonance 
nor  spin  through  zero  occurs.  In  view  of  the  discussion 
given  In  Section  4.  5. 10,  assume  that  the  criterion  for 
lock-in  Ib  the  trim  equation  (Eq.  (4,_6-61 ))  or  G  *  20, 
whichever  gives  the  larger  value  of  «0< 

The  critical  conditions  to  be  investigated  are  the 
0O  ■  0°  case  for  lock-in  and  the  0O  ■  90“  case  for  spin 
through  zero. 

For  the  lock-in  case,  assume  that  H  =  constant  ° 
21  700  feet.  Substituting  the  mass,  aerodynamic,  and 
trajectory  terms  into  Eq.  (4,5-58),  the  criterion  for 
lock-in  becomes: 


2,  115  (1  *  KK 

0 


If  trim  conditions  are  attained,  the  criterion  for  lock-in 
is  (see  Example  5): 

«  *  0.  31  (1  K„)  , 

o  rv 
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Setting  G  *  20  In  the  first  equation,  the  two  equations  give 
the  same  solution  to  ftQ  at.; 


2.  lih  1 

20  rrr- 

nPS 


Kr  -  0.1  BO  , 

corresponding  to  an  altitude  ot  about  70  < OOO  1 .feot  <0C®  > 

Table  4-1).  At  altitudes  lower  than  70  000  feet  for  K» 

0, 183)  the  trim  equation  la  used;  at  nlUtude^  d  g=  e*Q  an 
70  000  feet  the  tiontrlm  equation  Is  used  wl 

For  each  resonant  altitude  the  corresponding  ini¬ 
tial  roll  rate  may  be  computed  from  tho  equation: 


*  >£££  SW. 

4-25. 

The  change  in  roll  rate  resulting  from  asymme- 
W„;o  “d  r/du  given  by  Eg.  Spin  «*»* 

•zero  roll  rate  will  occur  during  reentry  If  Ap  is  nugf 
and  |Ap|  *  PE.  Using  the  most  restrictive  condi  ° 
f?  I  9o'o  and  K  -  Kcj  >  and  expressing  n0  and  pE  In  units. 

degStc.  rnnpnctivbly,  the  criterion  lor 

spin  through  zero  roll  rate  is: 

s  8.  17  x  10"4  PE  . 

The  veluee  of  5„  required  for  epln  through  «ru  roll  rote 


The  values  of  ttQ  requiri 
are  shown  in  Fig.  4-25. 
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This  problem  Illustrates  some  of  the  trade-offs 
which  must  be  considered  by  the  designer  in  selecting  a 
roll  rate  for  the  reentry  body.  If  the  roll  rate  is  very 
low,  first  resonance  occurs  at  a  very  high  altitude,  where 
large  values  of  may  be  tolerated  without  encountering 
lock-in.  However,  vehicles  with  low  values  of  pg  are 
susceptible  to  sain  through  zero  roll  rate.  On  the  other 
hand,  for  moderately  high  values  of  pg,  large  values  of 
«o  may  be_tolerated  without  spinning  through  zero  roll 
rate,  but  aQ  must  be  very  low  if  lock-m  is  to  be  avoided. 
For 'this  particular  problem  the  best  roll  rate  is  pg  * 

260° /sec  where  the  missile  could  tolerate  up  to  0,  6®  in 
ct0  without  encountering  either  adverse  condition,  A  sec¬ 
ond  possibility  would  be  to  select  a  value  of  pg  much 
greater  than  2240°/sec.  In  this  case  spin  through  zero 
roll  rate  would  be  unlikely,  and  lock-in  is  avoided  by 
using  a  roll  rate  that  is  much  greater  than  the  maximum 
aerodynamic  frequency.  This  technique  is  sometimes 
referred  to  as  "overspin." 


4.  6.  7  Example  7 


Using  the  trajectory  of  Example  4  with  pE  = 

1000°/ sec,  first  resonance  occurs  at  an  altitude  of  89  000 
feet  (Kr  a  0.  077).  Determine  the  values  of  ct ^  and  r  for 
which  lock-in  at  first  resonance  may  occur.  Assume  that 
the  trim  equation  (Eq.  (4.  5-125))  is  valid.  Compare  the 
results  with  «D  and  r  given  by  Eq.  (4.5-61). 


From  Eq.  (4.5-62)  Fj  =  5,  4  x  1 0-6  (H  =  21  700  feet). 
Using  the  mass  and  aerodynamic  characteristics  given  in 
Table  2-1,  F3  =  4.  87  and  F4  -»  5.  26  x  10"5.  For  aj  in 
degree  units,  Eq.  (4.  5-125)  becomes: 


279 


1  ±  Jl  - 


2,  05  x  10 
(r/d)^ 


-6 


The  ^boundary  iB  shown  in  Fig.  4-26.  At  a  givenjvalue 
of  r,  must  be  greater  than  but  less  than  agmax. 

Lock-in  cannot  occur  for  any  value  of  If  r  <  0,  06  inch. 
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By  comparison  the  trim  equation  for  «  and  r  be¬ 
comes: 


0.  286  x  10 

ft  =  - 7— j -  . 

o  r/d 

The  ac  boundary  is  also  shown.  It  is  noted  that  ft0  has  no 
«°max  boundary,  and  the  ft0  boundary  is  less  than 


Single  points  on  each  boundary  obtained  from  six- 
degree-of-freedom  simulation  results  (see  Section  4,5,10) 
are  also  shown.  The  (ft0,  r)  point  was  obtained  by  holding 
r  constant  and  increasing  a0  until  lock-in  occurred.  The 
point  was  obtained  by  holding  ftg  constant  and  vary¬ 
ing  r  until  lock-in  occurred.  Note  that  the  real  bound¬ 
aries  are  somewhat  higher  than  the  boundaries  based  on 
the  trim  equations  as  discussed  in  Section  4.  5.  10. 


For  other  values  of  jig,  the  boundary  must  re¬ 
main  within  the  ft.  and  ft,  asymptotes  shown  in 
5  max  omln 

Fig.  4-26,  and  rmin  is  shifted  right  or  left  depending 
upon  the  value  of  K^.  Using  data  given  in  Table  4-1  and 
the  relationship  between  pg  and  oi ^  at  resonance, 


P 


E 


r  is  shown  in  Fig.  4-27  as  a  function 

mm  ° 


of  pg.  For  r  =  0,  042  inch  used  in  the  previous  problem, 
lock-in  could  exist  only  for  values  of  pg  that  result  in 
resonance  very  near  to  the  altitude  of  maximum  dynamic 
pressure  (35  000  feet), 


For  current  reentry  vehicles,  values  of  pg  are 
selected  such  that  first  resonance  occurs  at  altitudes 
above  100  000  feet.  In  this  altitude  range  rmin  is  insen¬ 
sitive  to  pg,  and  the  boundary  shown  in  Fig.  4-26  is 
applicable  to  first  resonance  lock-in  for  all  values  of  pg 
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less  than  about  1000e/sec.  For  ppi  *  I000e/sec  con¬ 
sidered  in  this  problem,  second  resonance  occurs  at  an 
altitude  of  about  4000  feet  (neglecting  a  change  in  roll  rate 
during  reentry)  wh<  ^e  rmin  is  nearly  a  factor  of  2  greater 
than  at  first  resonance. 
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SYMBOLS  FOR  SECTION  5 


Symbol 


Definition 
axial  force 

component  of  A  in  dowm'ange  direction 

axial  force  coefficient  =  A/q5 

drag  coefficient  *  D/qS 

center-of-gravity  location 

lift  coefficient  =  L/qS 

dCL/da 


asymmetric  rolling  moment 
coefficient  / qSd 

moment_coefficient  about  body  Y 
axis  at  a  »  0  (see  Section  2.  4) 

lc  2\c  2 

.  m  n 

Vo  o 

normal  force  coefficient  =  N/qS 
dCN/d« 


Typical  Units 


pounrls 


pounds 


inches 


per  radian 


per  radian 


moment  coefficient  about  body  Z 
axis  at  a  =  0  (see  Section  2,  4) 

center-of-pressure  location 

drag,  aerodynamic  force  parallel  to  V 

vehicle  reference  length 

factor  defined  by  Eq.  (5-21) 

Napierian  base 

weighting  factor  for  wind 

Weighting  factor  for  density  variation 


Inches 

pounds 


P'/aceding  page  blink 
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Symbol 

Definition 

Typlcul  Units 

8 

acceleration  of  gravity 

ft /sec2 

„  1/2 

MM 

2  2 

g 

g 

gy  +  Sz 

®X' ^Y' 

acceleration  along  body  axes  X, 

Y,  and  7. 

g 

H 

scale  height  RT/g 

feet 

h 

altitude 

feet 

h>h 

functions  of  K„  . 

bk  Lj« 

- 

lx 

.1 

moment  of  Inertia  about  body  axis  X 

slug-ft." 

index  number 

- 

\s 

P 

^slnVE 

L 

lift,  aerodynamic  force  normal  to  V 

pounds 

i 

asymmetric  rolling  moment 

ft -lb 

N 

normal  force,  component  of  aero- 
dynamic  force  normal  to  the  body 
centerline 

pounds 

or 

number  of  altitude  bands 

- 

P 

ambient  pressure 

lb /ft2 

P 

vehicle  roll  rate 

rad/sec 

q 

2 

dynamic  pressure,  pV  12 

lb /ft2 

R 

range 

nml 

or 

gas  constant  =  1710 

ft2 /sec2  -  °H 

R 

radius  of  the  earth 

feet 
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Symbol 

r 

S 

S.  L. 

T 

t 

V 

VR 


w 


V 


A/M 


W 

X 


c.  g, 


c.  p. 
AX 
a 


a 

i 

0 

y 


w 


Ay 

ft 


A 

0. 


Definition 


radial  c.  g.  offset 
reference  area 
sea  level 

ambient  temperature 
time 

vehicle  velocity 

drift  velocity  resulting  from  winds 
windspeed 

velocity  of  the  air  relative  to  the 
missile 


vehicle  weight 

distance  parallel  to  the  body  center- 
line  from  the  nose  to  the  c.  g, 

distance  parallel  to  the  body  center- 
line  from  the  nose  to  the  c.  p, 


X 


c.  p. 


-  X 


c.g. 


angle  between  the  body  centerline 
and  ?A/M 

angle  between  the  body  centerline 
and  the  reentry  flight  path  direction 


ballistic  coefficient,  W/C^S 

flight  path  angle,  negative  for  a 
reentry  body 


change  In  flight  path  angle 


dispersion  measured  along  the  earth's 
surface 


refers  to  an  increment  except  as  noted 
angle  defined  in  Section  5,  4,  2 


Typical  UnltB 

Inches 

f.2 

•R 

seconds 
ft/sec 
ft/sec 
ft/ sec 

ft/sec 

pounds 

Inches 

Inches 

Inches 

radians 

radians 

lb/ft2 

degrees 

degrees 

feet 

degrees 
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Symbol 


0 


c. 


g. 


,o 


Definition 

angle  defined  In  Section  5.  4,  2 
ambient  density 


Typical  Units 

degrees 

slug/ft3 


Subscripts 


c 

E 

o 

R 


S,  L. 
w 

P 


refers  to  cross-track  component 
refers  to  conditions  at  reentry 

refers  to  conditions  at  zero  roll  rate  except  as  noted 
refers  to  along-track  component 
sea  level 

refers  to  quantity  resulting  from  wind  effects 
refers  to  quantity  resulting  from  density  effect 


A  dot  over  a  symbol  refers  to  a  first  derivative  with  respect  to  time. 
An  arrow  over  a  symbol  means  a  vector  quantity. 
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SUMMARY  AND  CONCLUSIONS 


The  factors  moat  likely  to  cause  impact  dispersion 
are  identified,  and  simple  equations  are  given  for  estimat¬ 
ing  the  magnitude  of  each  dispersion.  These  factors  In¬ 
clude  atmospheric  wind,  deviations  from  a  standard  atmo¬ 
spheric  density  profile,  errors  in  mass,  and  aerodynamic 
asymmetries,  The  following  examples  are  given  to  illus¬ 
trate  this  discussion. 


Example  1  -  Dispersion  resulting  from  wind  and 

deviation  in  denaLty  at  low  and  moderate 
altitudes. 


Example  2  -  Dispersion  resulting  from  wind  and 
deviation  in  density  at  high  altitude. 

Example  3  -  Dispersion  resulting  from  a  trim 

angle  of  attack  for  a  missile  rolling 
at  a  constant  roll  rate, 

Example  4  -  Dispersion  resulting  from  roll  look-in 
at  low  altitude, 


Example  5  -  Dlsperston  resulting  from  a  combined 
asymmetry  for  which  spin  through 
zero  roll  rate  occurs. 


The  major  conclusions  are: 

1.  Winds  and  departures  from  the  assumed  density 
are  the  chief  sources  of  Impact  dispersion  resulting  from 
meteorological  characteristics  at  the  impact  site.  This 
dispersion  Increases  rapidly  as  the  flight  path  becomes 
shallow,  as  the  missile  velocity  is  decreased,  and  as  the 
ballistic  coefficient  of  the  missile  is  decreased.  The  den¬ 
sity  effect  is  more  sensitive  to  these  missile  and  trajec¬ 
tory  parameters  than  is  the  wind  effect.  Equations  are 
presented  for  evaluating  the  dispersion  for  any  wind  and 
density  profile. 


■i*. 
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2.  The  equations  derived  for  evaluating  the  dis¬ 
persion  resulting  from  deviations  In  density  may  also  be 
used  to  evaluate  the  dispersion  resulting  from  perturba¬ 
tions  lii  missile  weight  and  drag, 

3,  The  dispersion  resulting  from  a  vehicle  that 

encounters  roll  resonance  (but  remains  Intact)  is  likely 
to  be  small.  On  the  other  hand,  the  dispersion  resulting 
from  a  vehicle  having  a  combined  asymmetry  that  results 
In  roll  rate  reversal  Is  likely  to  be  extremely  large. 
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Aiming  Instructions  are  required  In  order  to  de¬ 
liver  accurately  a  ballistic  vehicle  to  a  predetermined 
Impact  point.  To  obtain  launch  ordets,  a  mathematical 
model  containing  all  factors  that  influence  the  trajectory 
Is  constructed.  However,  even  with  the  moBt  elaborate 
trajectory  simulation  that  can  be  devised,  the  model  is 
not  perfect  and  the  vehicle  departs  from  the  Intended  tra¬ 
jectory.  The  magnitude  of  the  miss  distance  from  the  in¬ 
tended  Impact  point  will  be  referred  to  as  the  impact 
dispersion.  In  Section  4. 1  some  of  the  Important  factors 
which  affect  dispersion  and  which  occur  at  the  end  of  the 
powered  phase  were  discussed  (error  in  terminal  velocity 
and  flight  path  angle).  In  tills  section  we  will  discuss  only 
those  perturbations  that  occur  during  reentry. 

Accurate  evaluation  of  dispersion  requires  use  of 
a  three-  or  a  six-degree-of-freedom  simulation.  Simpler 
solutions,  although  lacking  in  accuracy,  make  it  possible 
to  Isolate  the  Important  factors  and  provide  InBight  into 
the  general  behavior  of  the  various  types  of  disturbances. 
These  simpler  solutions  will  be  discussed  here, 

6. 1  Meteorological  Characteristics 

The  meteorological  characteristics  that  may  pro¬ 
duce  dispersion  are: 

1.  Errors  In  wind  speed  and  direction, 

2.  Errors  In  atmospheric  density, 

3.  Errors  In  atmospheric  temperature, 

Temperature  is  included  since,  in  addition  to  its 
effect  on  density,  It  affects  also  the  speed  of  sound  and, 
thus,  the  aerodynamic  coefficients  that  depend  upon  Mach 
number.  However,  the  effect  of  the  speed  of  sound  ts 
usually  small  (see  Section  3. 1)  and  only  the  wind  and 
density  effects  will  be  considered  further. 
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5. 1.  1  Effect  of  Wind 

Atmospheric  winds  are  a  major  contributor  to  the 
dispersion  of  uncontrolled  reentry  vehicles.  A  simplified 
analysis  Is  given  In  Ref,  5-1,  The  important  portions  of 
this  theory  are  summarized  below. 

We  make  the  following  assumptions: 

1.  The  effect  of  gravity  is  negligible. 

2.  The  earth  I  s  nonrotating  and  flat. 

3.  The  flight  path  angle  Is  a  constant  = 

4.  The  angle  of  attack  is  zero. 

5.  The  wind  Is  a  horizontal  head  or  tail  wind 
(except  as  Indicated). 

0.  The  reentry  vehicle  is  aerodynamlcally 
stable  (the  center  of  pressure  is  aft  of  the 
center  of  gravity). 

7.  The  weight  and  are  constant, 

With  these  assumptions  the  flight  geometry  in  the  absence 
of  wind  is  shown  in  sketch  (a). 
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The  velocity  vector  is  along  the  body  centerline.  The  only 
force  acting  is  the  axial  force,  A,  and  it  also  acts  along 
the  body  centerline  (by  definition).  Suppose  now  the  body 
encounters  a  tail  wind.  The  body  forces  that  act  imme¬ 
diately  are  shown  in  sketch  (b).  The  missile  velocity 


vector  and  A  are  still  along  the  missile  centerline.  How¬ 
ever  the  velocity  vector  that  produces  aerodynamic  forces 
on  the  missile  is  This  velocity  vector 

acts  at  an  angle,  aw,  to  the  body  centerline  and  causes  a 
normal  force,  N,  which  acts  at  the  vehicle  center  of 
pressure.  This  force  causes  the  body  to  pitch  (weather¬ 
cock)  until  the  body  centerline  and  are  aligned. 

The  conditions  that  exist  when  the  weathercock  motion 
has  damped  to  negligible  magnitude  are  shown  in  sketch  (c). 
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The  normal  force  Ls  now  zero  and  is  along 

the  body  centerline.  At  all  later  times  the  boay  center- 
line  remains  aligned  with  'i?.  however,  since  A  acts 
at  a  slight  angle  to  V  the  missile  acquires  a  drift  velocity 
relative  to  the  no-wind  trajectory.  The  force  and  velocity 
diagram  Including  the  drift  velocity  is  shown  in  sketch  (d). 
We  will  assume  that  the  geometry  shown  in  sketch  (d)  is 
representative  of  the  reentry  trajectory.  At  any  given 
time  (or  altitude)  the  missile  velocity  is  assumed  to  be 
the  vector  sum  of  the  no-wind  velocity  for  that  time  plus 
the  drift  velocity  Vj^.  Furthermore,  it  is  assumed  that 
Vr  «V.  Using  these  assumptions  it  is  shown  in  Ref.  5-1 
that  the  dispersion  resulting  from  winds  is  given  by  the 
equation: 


H 


w 


VE  Sin  yE 


N 

E 

3=1 


V  F 
w.  w 
J 


(5-1) 
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where 


H  "  RT/g 

I„  Id  given  In  Table  5-1 

LI 

F  is  given  in  Table  5-2, 
w  b 

The  index  number  j  refers  to  a  particular  altitude  band. 
To  account  for  a  variable  wind  with  altitude,  the  reentry 
altitude  is  divided  Into  N  bands  where  the  bandwidth  is 
small  enough  that  V,„  may  be  considered  constant  in  each 
bond.  W 


The  F,v  term  is  a  weighting  factor  that  depends  upon  the 
altitude,  altitude  bandwidth,  and  Kg  ^  .  Since  Kg  j  s 

Ps  L 

"  * — r~T ,  F  is  a  function  of  the  atmosphere  considered 

/3  sin  ?E  w 

(Pg  ^  -  a  minor  variation),  the  body  characteristic  (0), 

ana  ‘  trajectory  characteristic  For  a  given  body 
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design  and  type  of  atmosphere,  Fw  for  a  given  altitude 
and  altitude  bandwidth  is  a  function  of  7 ^  only,  For  most 
applications  this  variation  may  be  neglected.  When  this 
is  done  the  values  of  Fw  should  be  evaluated  at  the  lowest 
value  of  | y^\  used  in  the  missile  design.  The  dispersion 
decreases  rapidly  with  increasing  |yg|.  Therefore,  al¬ 
though  the  percentage  error  in  6  may  be  large  when  this 
procedure  is  followed,  the  magnitude  of  the  error  in  6 
will  be  small. 

If  the  altitude  bandwidth  is  constant,  the  magnitude 
of  Fw  ia  indicative  of  the  sensitivity  of  6W  to  windB  in  a 
given  altitude  hand.  From  Tcble  5-2  it  is  observed  that 
the  most  sensitive  band  corresponds  to  the  20  000  to 
26  000  foot  band  for  Kg.  L  =1.5,  and  the  most  sensitive 
altitude  band  decreases' with  increasing  Kg_  l,  t0  thQ 
1  0  000  to  1.5  000  foot  band  for  Kg.  l.  -  6.  0.'  The  calcula¬ 
tion  of  the  most  sensitive  band  is  treated  mathematically 
in  Ref.  6-1. 

Tne  ballistic  coefficient  0  varies  with  altitude 
and  Mach  number.  Tne  value  of  0  at  hypersonic  speeds 
should  be  used  for  this  calculation  (also  for  6  discussed 
in  the  next  subsection). 

The  summation  term  in  Eq,  (5-1)  is  called  the 
ballistic  wind.  By  definition,  a  ballistic  wind  is  a  con¬ 
stant  wind  (with  altitude)  such  that  the  dispersion  is  the 
same  as  that  resulting  from  a  variable  wind.  If  Vw  is 
constant  at  all  altitudes,  then  Eq.  (5-1 )  becomes: 


5 


w 


V  H 
w 

VE  slnyE 


l. 


(5-2) 


The  quantity  preceding  the  summation  Btgn  in  Eq.  (5-1) 
is  called  the  range  partial  for  winds. 

In  Ref.  5-1,  it  is  shown  that  Eq.  (5-1)  is  valid  for 
either  head  (or  ta  il)  winds  or  cross  winds.  If  the  wind 
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is  neither  a  head  (or  tall)  wind  nor  a  cross  wind,  the  total 
dispersion  may  be  obtained  by  computing  the  head  wind 
and  cross  wind  components  of  flw  and  adding  the  results 
vectorinlly. 

Equation  (5-1)  has  been  found  to  be  in  excellent 
agreement  with  results  obtained  using  three-  or  six- 
degree-of-freedom  trajectory  simulations  provided  Kgi  l 
Ls  not  greater  than  about  6,  For  higher  values  of  Kg  ^ 
the  equation  overestimates  flw. 

For  applications  where  the  body  characteristics 
have  been  fully  defined,  the  accuracy  of  Eq.  (5-1)  may  be 
improved  by  the  following  procedure: 

1,  Using  a  three-degree-o.f-freedom  trajectory 
program,  evaluate  6W  for  various  values  of 

and  y g  and  a  constant  wind, 

2,  Using  these  results  and  Eq,  (5-1),  compute 
Ig  and  plot  it  as  a  function  of 

3,  Using  the  trajectory  program,  evaluate  flw 
resulting  from  a  constant  wind  in  each  altitude 
band.  These  computations  are  made  for  one 
value  of  Vg  and  the  lowest  |yjj|  to  be  used  for 
the  missile. 

4,  Using  the  results  of  step  3  and  Eq.  (5-1),  com¬ 
pute  Fw. 

These  new  values  of  Ig  and  Fw  will  differ  slightly  from 
thoBe  given  in  Tables  5-1  and  5-2.  Using  these  new  data, 
the  accuracy  of  fiw  given  by  Eq.  (5-1)  may  be  improved, 
particularly  for  high  values  of  Kg_  L  , 

5.1.2  Effect  of  a  Deviation  in  Density 

The  impact  point  of  a  reentry  body  is  computed 
using  some  standard  density  profile  (variation  with  alti¬ 
tude).  If  the  actual  profile  is  different  from  the  standard 
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profile,  the  missile  velocity  history  Is  affected,  Therefore, 
deviations  in  density  from  the  standard  profile  are  a  source 
of  impact  dispersion. 

Using  an  analysis  similar  lo  that  used  for  6W,  it 
is  shown  (Ref.  5-1)  that: 


where 

I_  is  given  in  Table  5-3 
□ 

F  is  given  in  Table  5-4 

P 

Ap  is  the  deviation  in  density  from  the  standard 
value  (p)  at  a  given  altitude. 

All  other  terms  are  as  defined  in  the  previous  subsection 
on  the  effect  of  wind. 

Again,  is  a  weighting  factor  that  depends  upon 
t.he  altitude,  altitude  bandwidth,  and  Kg>  ]_li  .  The  most 
sensitive  altitude  band  is  the  25  000  to  30  000  foot  band 
(see  Ref,  5-1  for  fuller  discussion)  and  is  nearly  inde¬ 
pendent  of  Kg.  Lt  . 

The  summation  term  is  called  the  ballistic  density. 
By  definition  ballistic  density  is  the  constant  value  of 
Ap/p  that  results  in  the  same  dispersion  as  the  variable 
Ap/p. 


The  quantity  preceding  the  summation  sign  is 
called  the  range  partial  for  density  deviation.  Equation 
(5-3)  has  been  found  to  be  in  excellent  agreement  with  re¬ 
sults  obtained  using  three-  and  slx-degree-of-freedom 
simulations,  provided  Kg  L  is  not  too  high.  In  Ref.  5-1 
Lt  was  shown  that  the  conditions  required  for  the  accuracy 
of  Eq,  (5-3)  are  those  given  in  Figs.  5-1  and  5-2.  When 
these  conditions  are  exceeded,  the  dispersion  given  by 
Eq.  (5-3)  is  too  high. 
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For  applications  where  the  body  characteristics 
have  been  fully  defined,  the  accuracy  of  Eq.  (5-3)  may  be 
improved  following  the  same  procedures  given  for  winds 
in  the  preceding  subsection. 

Since  values  of  F^and  Fw  become  very  low  at  high 
altitude,  one  is  tempted  to  conclude  that  the  dispersion 
resulting  from  winds  and  deviations  in  density  at  altitudes 
above,  say,  100  000  feet  is  negligible.  For  a  high  pre¬ 
cision  vehicle  this  conclusion  Is  not  necessarily  valid, 
since  the  magnitudes  of  Vw  and  A  p/p  at  these  altitudes 
are  usually  very  large, 

It  should  be  noted  that,  except  for  the  direct  ef¬ 
fects  (Ao/o  and  Vw),  the  variables  contributing  to  dis¬ 
persion  resulting  from  winds  and  deviations  in  density 
are  the  same.  However  6p  is  more  sensitive  to  changes 
in  the  variables. 


5.  2  Errors  in  Aerodynamic  Coefficients 

Errors  or  variation  in  aerodynamic  coefficients 
resulting  from  reentry  environmental  effects  (such  as 
heating)  may  contribute  to  dispersion.  The  most  sensitive 
coefficient  from  the  dispersion  standpoint  is  the  axial 
force  coefficient,  C^. 


Dispersion  results  when  a  perturbation  affects  the 
y  history  during  reentry.  This  change  in  y  was  shown 
(Ref,  5-1)  to  result  primarily  from  changes  in  the  K 
history.  In  Section  5. 1,  2  we  interpreted  changes  in  K 
in  terms  of  deviations  in  density.  We  could  just  as  well 
have  interpreted  a  variation  in  K  as  a  variation  in  \i 


or  sin  7 


W 

E>  Since  0  =  then  K  = 

A 


PCAS 
W  sin  y  E  ' 


and  the 


dispersion  characteristics  computed  in  Section  5.  1.  2  are 
equally  valid  for  AC^/C^,  -  AW/W,  or  -  A/3/0.  The 
minus  sign  means  that  a  given  percent  increase  in  W  or 
(3  results  in  ae  same  dispersion  as  the  same  percentage 
decrease  in  pressure,  density,  or  axial  force  coefficient. 
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Errors  In  the  normal  force  coefficient  have  a  small 
effect  on  fi.  Since  In  general  the  angle  of  attack  is  not 
zero,  a  lateral,  force  results,  and  the  magnitude  of  this 
force  for  a  given  trajectory  depends  upon  a  and  Cm  . 

The  dispersion  resulting  from  this  source  arises  from 
erroneous  evaluation  of  lift  and  drag  forces  (see  Sections 
5.4,1,  5.4.2,  and  5.  5).  This  increment  in  dispersion  is 
very  small  unless  the  error  in  or  the  angle  of  attack 
is  large.  01 

Errors  In  the  damping  derivative  may  result  in 
dispersion  s_ince  this  characteristic  determines  to  some 
degree  the  a  history  and  thus  the  lateral  force  history 
early  in  the  reentry  phase  and  during  periods  of  roll  reso¬ 
nance  (see  Sections  4.  4  and  4.  5.  5).  Again  the  dispersion 
resulting  from  these  errors  is  usually  small. 

Errors  in  the  center  of  pressure  location  may  re¬ 
sult  in  dispersion  .since  this  factor  also  determines  to 
some  degree  the  a  history  early  in  the  trajectory  and  the 
a  resulting  from  asymmetries.  The  dispersion  contribu¬ 
tion  is  usually  small. 

5.  3  Errors  in  Mass  Characteristics 

Errors  in  mass  characteristics  that  contribute  to 
dispersion  are  errors  In  W,  XCi  g. ,  and  the  moment  of 
inertia  terms.  Of  these,  the  most  significant  is  the  error 
in  W,  which  results  from  uncertainty  in  the  reentry  weight 
and  uncertainty  in  weight  loss  caused  by  heating  effects 
during  reentry,  The  diaper sion  resulting  from  an  error 
AW/W  is  the  same  as  that  from  an  error,  -Ap/p,  as 
discussed  In  Section  5.2. 

The  effects  of  vc  ^  and  moment  of  inertia  may_ 
cause  small  dispersions ’since  these  factors  affect  the  a 
history  during  reentry. 
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5.  4  Asymmetries 


The  problems  associated  with  asymmetries  were 
discussed  in  detail  in  Section  4.5.  Asymmetries  produce 
angles  of  attack;  angles  of  attack  result  in  lift  and  a  change 
in  drag.  For  cases  where  angles  of  attack  develop  and 
the  missile  is  rolling,  the  major  effect  on  6  is  the  change 
in  drag  since  the  direction  of  the  lift  vector  (in  an  inertial 
axiB  system)  is  constantly  changing  so  that,  over  a  period 
of  time,  the  net  effect  of  lift  Is  "averaged  out.  "  The 
effect  of  at  for  a  rolling  vehicle  is  usually_small  unless 
resonance  conditions  occur.  In  this  case  J  may  become 
large  and  the  vehicle  drag  will  increase  significantly, 
causing  the  missile  to  fall  short  of  the  Intended  target, 

This  case  can  be  treated  as  a  change  In  so  that  the 
procedures  given  in  Section  5, 1,  2  may  be  used.  A  more 
serious  contributor  to  dispersion  Is  the  case  where  a  >1  0 
and  the  roll  rate  becomes  zero,  Even  for  a  very  short 
period  of  zero  roll  rate,  large  dispersions  may  result 
from  small  angles  of  attack.  Since,  for  this  case,  the 
lift  vector  remains  fixed  in  space,  the  vehicle  moves  off 
course  in  the  direction  of  the  lift.  We  will  consider  those 
two  cases  separately. 

5,4.1  Rolling  Vehicle  with  Angle  of  Attack 

If  asymmetries  result  in  a  trim  angle  of  attack 
and  the  missile  roll  rate  is  not  zero,  the  major  contribu¬ 
tor  to  dispersion  is  the  effect,  of  the  increased  drag  re¬ 
sulting  from  a.  The  equation  for  the  drag  is; 

D  =  CDqS  (5-4) 

where,  from  Eq.  (2-9): 

CD  =  CA  C0S  **  +  CN  Sin  “  '  (5-5) 

Therefore  the  change  in  Cp  resulting  from  a  is; 

ACd  =  CA  cos  a  +  sin  at  -  sin  at  ,  (5-6) 
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If  the  aerodynamic  characteristics  are  linaar  so  that 
Cn  a  Cj^ft  anc*  ^  ft  Is  small: 


^d-cn«\ 

ft 


(5-7) 


Therefore  the  effect  of  ft  may  be  estimated  using  the  pro 
cedures  given  in  Section  5. 1,  2  whore: 


0 


acd 

'*T 


(5-8) 


When  working  with  telemetry  data,  it  Is  convenient  to  ex¬ 
press  ACd/C^  ^  terniR  of  body  accelerations,  Substi¬ 
tuting  for  «  using  Eq.  (7-11): 


Note  that  ACp/C^  varies  as  the  square  of  ft,  and_ there¬ 
fore  the  effect  tends  to  be  small  at  low  values  of  a  but 
tends  to  Increase  rapidly  with  increasing  ft. 


5.4.2  Nonrolling  Vehicle  with  Angle  of  Attack 

The  dispersion  resulting  from  sngle  of  attack  for 
a  nonrolling  vehicle  was  considered  in  detatl  in  Ref,  5-2  and 
the  results  are  summarized  below.  Consider  a  vehicle  with 
a  fixed  angle  of  attack  that  results  In  a  lift  force  L.  Con¬ 
sider  an  Inertial  axis  system  YZ  as  shown  in  the  sketch. 

If  the  roll  rate  is  low  compared  to  the  aerodynamic  fre¬ 
quency,  the  lift  (or  normal)  force  Is  in  the  plane  contain¬ 
ing  the  asymmetric  force  (see  Section  4.  5.  1).  Therefore 
L  rolls  with  the  body.  As  long  as  the  roll  rate  Is  not 
close  to  zero,  the  effect  of  L  on  dispersion  is  small 
since  the  direction  of  L  (in  the  inertial  axis  system)  is 
constantly  changing.  However  if  the  roll  rate  becomes 
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zero,  even  for  an  instant,  the  body  will  move  off  course 
in  the  direction  of  L.  We!  will  consider  in  this  subsection 
the  case  of  a  vehicle  that  is  spinning  at  reentry  but,  under 
the  influence  of  body  asymmetries,  the  direction  of  roll 
rate  is  reversed  during  entry,  The  duration  of  "near  zero" 
roll  rate  1b  very  short. 

Assume  that  at  hQ  the  roll  rate  passes  through 
zero  and  that  at  this  Instant  the  lift  is  in  the  vertical  plane, 
A  change  in  flight  path  angle,  Ay,  results. 
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Assuming  a  straight  line  flight  path  and  a  small  value  for 
AV: 

h  Ay 

Sh‘~— 5  '  (5-10) 

sin  yE 

If  L  is  In  a  plane  perpendicular  to  the  vertical  plane  and 
if  Ay  is  Interpreted  as  the  resultant  change  In  the  direction 
of  the  velocity  vector: 

h  Ay 

1 6  Is  — ?  i  i 
c  slnyE 

The  Impact  pattern  Is  elliptical  with  the  major  axle  along 
the  trajectory  track  and  the  minor  axis  across  track.  The 
ratio  of  the  minor  to  major  axis  Is  |  sin  VE|.  The  change 
In  y  is  given  by  the  equation: 

Ay=fydt  (6-12) 

where  (see  Ref.  5-3): 


«  | sin  V E|  .  (5-11) 


The  change  In  y  of  Interest  is  just  that  resulting  from  L. 
Therefore: 


AV  =  _f  Ldt  .  (5-13) 

o 

Equation  (5-13)  Is  valid  provided  the  direction  of  L  Is 
fixed.  However,  since  the  direction  of  L  changes  over 
the  time  interval  of  Interest,  an  effective  value  of  f  Ldt 
must  be  used.  Based  on  six-degree-of-freedom  simula¬ 
tion  results,  it  may  be  shown  that: 
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J  Ldt 


2,  116L 

x/TU 


(5-14) 


where  the  constant  is  dimensionless,  Writing  L  =  Ct  «v  q  S 
where  Cj^  is  given  by  Eq.  (2-10):  °  ° 


J  Ldt  =  4==  <C„  -  C  A )  a_q_S  . 


N 


A  oo 


(5-15) 


Substituting  Eqs.  (5-15)  and  (5-13)  Into  (5-10): 


2.  116  h  g  (CN  CA> 

O*  ft 


'  p  6 

WVosln 


et  q  S  . 
o  o 


(5-16) 


In  terms  of  normal  force  N  =  C-.  ft  q  S; 

o  Na  o  o 


6  = 
R 


2.  116  hQg 


WVoSltl 


')  - 


N 


'N 


ft, 


(5-17) 


_  2  2 

In  terms  of  lateral  acceleration  g  =  g.r  +  g„ 

o  .  Y  £ 


N 

o 
W  : 


2.  1 1  6  h  g 
o° 

a  - - - - ==== -  .  yo-iat 

v0  eln 

Equation  (5-18)  is  convenient  for  analysis  of  telemetry 
data  since  jb0  and  g0  are  obtained  directly  from  the  data  and 
V0  and  hQ  may  be  estimated  using  Eqs.  (4.  3-22)  and 
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(4.  3-5),  Equations  (5-16),  (5-17),  and  (5-18)  are  valid  for 
any  combination  of  asymmetries. 

We  consider  next  the  dispersion  that  results  from 
the  particular  types  of  mass  and  aerodynamic  asymme¬ 
tries  (Nq  and  r)  shown  ir.  the  sketch. 


We  will  assume  that  the  normal  force  resulting 
from  r  is  very  small  so  that  the  NQ  results  from  an  asym 
metric  moment  defined  by: 


The  trim  angle  of  attack,  aQ,  is  given  by  Eq.  J2-27)  where, 
in  the  notation  of  the  present  section  ,  aT£l  «  ot0  and  CmQ  = 

Cm  .  The  roll  acceleration,  {>0,  is  given  by  Eq.  (4.  5-35) 
o  _  _  _ 

where  q  ■  qQ,  a  s  aQ,  and  0  ■  0Q,  Substituting  these  values 
into  Eq.  (5-16),  writing  pQ  in  terms  of  HQ  and  P  ,  and 
12 

noting  that  qQ  -  ^  P0V0  : 
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C 


1.4011  - 


C 


N 


R 


VTT7F w  Hin“  y„ 

O  IE 


C  SIV 
in  X 

o 


AX  • 
r  — r~  sin  0 

<1  o 


1/2 


h  yTP~~ ,(5-19) 
o  *  o 


The  constant  is  2.  11 G  /VFa  nd  is  dimensionless. 

Equation  (4.  5-94)  may  be  used  to  evaluate  K0  and 

thus  h0VP<y  Using  Eq.  (4.5-94)  and  Eq._J2-27),  6^  may 
be  expressed  Ln  terms  of  rather  than  Cm  and  r  sin  0O, 
giving  the  result: 


'N 


a 


i„  =  1. 49  a 
R  o> 


/VEPS.  L. 


-  U 


/3H  P 


o'  E 


sin2  y 


E 


/ 

/  P  K„  T  \ 

/  o  S.  L.\ 

/  p  ( 

'  P_  2  I 

/  .9. . 

,  b.  E. 

Kl.  ' 

(5-20) 


Equation  (5-20)  shows  that  for  a  given  at)  (given  CmQ  and 
AX/d  primarily),  the  dispersion  varies  with  h0  (variations 
ill  r  sin  0O  if  other  variables  are  held  constant)  in  ac¬ 
cordance  with  the  factor: 


E 


K 


S.  L 


1  -  e 


S.  L. 


=  f(h  ,  K  T  ).  (5-21) 
o  S.  L. 


At  sea  level,  this  factor  is  zero  since  h0  =  0.  The  factor 
increases  with  increasing  h0  to  a  maximum  and  then  de¬ 
creases,  becoming  zero  at  very  high  altitudes.  The  criti¬ 
cal  altitude  (altitude  for  .  maximum  E)  depends  upon  the 
type  of  atmosphere  (PSi  L<  )  and  upon  Ks_  L  (or  upon  /J 
and/or  y„).  For  the  exponential  atmosphere  (Eq.  (2-15)) 
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it  may  be  shown  that  E  is  a  maximurr  at  hQ  =  H0  for  very 
small  values  of  Kg  ^  and  increases  to  hQ  =  2H0  for  very 
large  values  of  Kc'l  *  For  the  1962  Standard  Atmosphere, 
using  II  =  constant’3  ^3  000  feet,  the  critical  altitude  varies 
from  about  23  000  feet  at  low  Kg  j__  to  about  46  000  feet  at 
high  Kg  .  A  plot  of  E  versus  hQ  is  shown  for  several, 
values  of  Kg  L  in  Fig.  5-3. 

In  summary,  the  following  conclusions  were  reached 
regarding  the  dispersion  resulting  from  reversal  of  roll  rate: 

1.  The  dispersion  may  be  in  any  direction.  The 
locus  of  possible  impact  points  is  an  ellipse  centered  at  the 
nominal  impact  point.  The  major  axis  of  the  ellipse  is 
along  the  flight  path.  The  ratio  of  minor  to  major  axis  is 

I  sinyE|. 

2.  The  magnitude  of  the  dispersion  is  a  function  of 
the  many  factors  listed  below,  making  it  impossible  to 
draw  generalized  conclusions  regarding  the  effect  of  spe¬ 
cific  variables. 
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Only  one  type  of  combined  n symmetries  capable  of 
resulting  In  ei  and  zero  roll  rate  is  listed  above.  How¬ 
ever,  other  combined  asymmetries  such  as  Cj  and  Cm 

o  1  o 

could  also  result  in  roll  rate  reversal  and  largo  dispersion, 

3.  For  given  aerodynamic  characteristics,  mass, 

geometry,  initial  conditions,  type  of  atmosphere,  and 
Cmo<  the  a0  is  fixed.  However,  hQ  (and  ry0  to  a  very  small 

extent)  varies  with  the  values  of  r  and  The  dispersion 
that  results  as  r  and/or  0Q  is  changed  is  maximum  when 
hQ  has  some  specific  value.  For  the  1962  Standard  Atmo¬ 
sphere,  the  value  of  hQ  corresponding  to  6  max  is  between 
23  000  and  46  000  feet,  depending  upon  the  value  of  Kg  ^  • 

5.  5  Errors  in  Initial  Reentr}'  Angle  of  Attack  and  Body  Rates 

In  some  cases  the  initial  reentry  angle  of  attack,  a, 
and  body  rates,  p,  q,  and  r,  are  not  known  accurately, 

During  the  high  altitude  portion  of  the  trajectory,  these 
initial  conditions  affect,  the  »  history  as  discussed  in  Sec¬ 
tion  4,  4.  If  <*,  p,  q,  and  r  are  not  zero  in  the  altitude 
region  where  the  aerodynamic  restoring  force  is  small., 
the  missile  experiences  coning  motion  such  that,  in  general, 
the  body  centerline  does  not  rotate  about  the  velocity  vector. 
Therefore,  in  Inertial  axes,  the  lift  force  does  not  rotate 
about  the  velocity  vector  an  it  does  for  a  rolling  vehicle  at 
altitudes  where  aerodynamic  forces  are  predominant.  Dur¬ 
ing  the  early  phase  of  reentry,  initial  values  of<*,  p,  q, 
and  r  cause  dispersion  resulting  from  both  lift  and  drag 
effect*.  The  drag  effect  always  tends  to  cause  the  vehicle 
to  fall  short  of  the  intended  impact  point.  However,  the  lift 
effect  may  cause  dispersion  in  any  direction  depending  upon 
the  direction  of  ‘-he  lift  vector  (determined  by  the  location 
of  the  coning  motion  relative  to  the  velocity  vector).  In 
general  the  locus  of  Impact  points  resulting  froi  i  these 
initial  conditions  is  an  ellipse  whose  major  axis  is  approxi¬ 
mately  along  the  flight  path.  The  ratio  of  the  minor  to 
major  axis  is  approximately  |  sinyg|.  The  drag  effect 
shifts  the  center  of  the  ellipse  toward  the  launch  site  from 
the  nominal  point  (impact  for  nominal  m,  p,  q,  and  r). 
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The  vehicle  motion  Is  rather  complex,  and  a  slx-degree- 
of-freedom  simulation  Is  required  to  evaluate  the  magni¬ 
tude  of  this  source  of  dispersion,  A  typical  order  of  mag¬ 
nitude  of  the  semimajor  axis  for_6  resulting  from  £  is 
5  to  10  feet  per  degree  error  ln«.  Therefore,  the  error 
is  not  negligible  unless  a  is  known  fairly  accurately. 

5.  6  Examples 

5.  6, 1  Example  1 

Estimate  as  a  function  ofy'E  the  dispersion  result¬ 
ing  from  a  constant  100  ft/ sec  headwind  (V„,  =  -100)  and 
a  constant  10%  increase  in  density  (A p/p  =0.1)  from  the 
1962  Standard  Density  for  the  following  conditions: 

V„  “  20  000  ft/ sen 

^  2 
/3  =  1000,  2000,  and  3000  Ib/ft  . 

Since  dispersion  is  most  sensitive  to  the  altitude  region 
from  20  000  to  30  000  feet,  a  value  of  H  =  23  000  feet  (see 
Table  3-1)  is  used. 


From  Eq.  (5-2): 

(-100)  x  23  000  *3  B  *3 

°w  "  "  20  000  "  sin  y  =  115  Winy  I, 

Cj  E 


From  Eq.  (5-3): 


23  000  \  2  32>  2  *  °-  1  * 


/ 23  000  \ 
\  20  000  / 


=  4.  26 


sin  tan  y£ 


sin  yEtany£ 


From  Table 
_  2116 
"  b  sin  yE  ‘ 


3-1,  Pc  _  3  21 16  lb/ft2.  Then  Kc  T  = 

b .  Li  bi  Li, 

For  a  given  value  of  and  y^,  5W  and  6p 


may  be  computed  using  I3  and  l5  obtained  from  Tables 
5-1  and  5-3,  The  results  are  shown  in  Fig.  5-4.  This 
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figure  illustrates  the  high  sensitivity  of  dispersion  to  winds 
and  density  for  shallow  reentry  angles  and  low  values  of  £. 
It  also  illustrates  the  fact  that  6*  becomes  Insignificant  at 
large  values  of  VE  whereas  6W  may  be  significant  even  lor 


5.  6,  2  l Example  2 

Assume  that  in  targeting  a  missile  no  corrections 
were  made  for  winds  and  deviations  in  density  from  the 
1962  StandardDenstty  profile  for  altitudes  greater  than 
100  000  feet.  If  the  average  wind  at  altitudes  from  100  000 
to  160  000  feet  were  a  300  ft/ sec  headwind  and  if  the  den¬ 
sity  were  30%  greater  than  the  19  62  Standard  profile, 
estimate  as  a  function  of  0  the  impact  error  resulting 
from  these  high  altitude  meteorological  characteristics 
for  Ve  a  20  000  ft/ sec  and  Ve  3  "25n>  Use  H  =  23  000  feet' 

From  Eq.  (5-1): 

4  4 

,  23  000(-300)  T  -  F 

6w  =  20  000(-0.  4227  3  9  w 


=  -B17I3  p  F 
3*2 


From  Eq.  (5-3): 


23  000  \ 

DO  x  0, 422/ 


20  000  x  0 


2  4 

32.  2  x  0.  3  ^  -rji 

(-0.  4657  H  "2  0 


4 

*-l55I5  S  Fw 

,i=2 


Using  values  of  I3 


I5,  and  Fp  given  in 


w  -  o  ui  vv  u  r—  ,  1  _  _ 

Tables  5-1  through  5-4,  6W  and  6pWere  computed  as  a 
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function  of  Kg.  L  .  The  values  of  0  corresponding  to 
Ks,  l.  were  computed  using  the  equation: 


2116 

P  S  '  Kg  L  (-0.  42  2} 


5000 


K 


S.  L. 


Values  of  6W  and  6  are  plotted  in  Fig.  5-5,  The  accuracy 

limit  as  given  In  Fig.  5-1  is  also  shown.  Values  of 
0  a  1230  lb/ft2  fall  within  the  limits  of  accuracy;  va.ues 
of  a  shown  for  0  less  than  1230  lb/ft^  will  be  slightly 
high. 


This  problem  illustrates  that  bodies  having  low 
values  of  0  tend  to  be  sensitive  to  meteorological  char¬ 
acteristics  even  at  very  high  altitudes. 

5.  6.  3  Example  3 

For  the  reentry  body  having  the  characteristics 
given  in  Table  2-1,  estimate  the  dispersion  resulting  from 
a  constant  trim  angle  of  attack  <Lif  the  missile  has  a  con¬ 
stant  roll  rate  during  reentry.  The  trajectory  character¬ 
istics  are  Vp>  =  20  000  ft/sec  and  yP  =  -30°.  Use  H  = 

23  000  feet. 

For  this  case  the  dispersion  results  from  the  in¬ 
crease  in  drag,  and  the  effect  on  dispersion  is  equivalent 
to  a  change  in  density. 


a  N  9 

(Eq.  (5-8))  ----S  ? 

0  CA  o 

2  -  2 
"  0.  104  ao 

2  — 

=  19,2  a  fora  in  radians 

u  o 

_  9  — 

=  0.  00585  a  for  a  in  degrees, 
o  o 
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The  dispersion  is  computed  using  Eq.  (5-3). 

K  -  =  4  23 

*S.  L.  1000  (-0.  50)  ’ 

Ir  =  21  . 

5 

Since  Apia  is  constant  for  all  altitudes: 


N 


-  2 


£  F  ■  =  0.  00585  a 

j-1  *  *  * 


Therefore: 

6 


_  /  23  000  \  32,  2  X  21  /A  nncoeVr  2 

\  20  000  (-0.  50)  )  (-0.5*7^  (0-  00585)  »o 


=  -36.  2  a  2 

O 


The  missile  will  fall  short  b^9  feet  for  a0  =  1/2°,  36  feet 
for  atQ  ■  1°,  and  145  feet  for  aQ  =  2°. 


5.6.4  Example  4 

Suppose  in  Example  3  the  reentry  body  has  an 
«0  =  1/2°  at  reentry,  the  body  passes  through  first  reso¬ 
nance  without  lock-in,  but  the  asymmetries  are  such  that 
lock-ln  occurs  at  an  altitude  of  10  000  feel,  and  remains 
until  Impact.  Determine  the  dispersion. 

Again,  for  this  problem,  dispersion  results  from 
the  drag  effect.  However  the  angle  of  attack  is  amplified 
by  the  resonance  phenomena.  From  Eq.  (4.5-16), 
a  =  A«0  and,  since  X  =  1  at  resonance,  A  =  1/D.  Using 
Eq.  (4.  5-60): 


D  =  0.  115  VTT. 
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Therefore; 


-  a  8,  7(1/2)  =  4,  35 

Vk“  "  VF 


Substituting  for  K 


Ot 


At  h  =  2500  feet 
h  =  7500  feet 


P 

j3  sin  y  E 


P 

PS.  L. 


2.  11 


Vp7p 


S.  L. 


P/P 


S.  L. 


P/P 


S.  L. 


0.  913 
0.  757 


KS.  L.  =  4‘  2']  P 


S.  L, 


a  =  2.  21° 

a  =  2.  42° 


From  Example  3,  the  equivalent  value  of  Ap/p  is 
0.  00585  aQ2.  Therefore,  for  h  *  2500  feet,  Ap/p  =  0.  0286 
for  h  »  7500  feet,  Ap/p  *  0.  0343,  Assuming  that  the  value 
of  Ap/p  at  h  *  2500  feet  is  representative  of  the  altitude 
band  from  sea  level  to  5000  feet  and  that  the  value  of 
Ap/p  at  h  =  7500  feet  is  representative  of  the  5000  to 
10  000  foot  band; 


E  £■£  F  =  0.  0286(0.  049)  +  0.  0343(0.  055)  ■  0.  00329. 
j,16  0  P 

Using  Eq.  (5-3): 


6  ■ 
0 


23  000 


20  000  x  0.  5 


32.  2 

(-0.  5717 


x  21  x  0.  00329  =  -20  feet 


5.  G.  5  Example  5 

The  body  having  characteristics  given  In  Table  2-1 
lias  the  following  asymmetries; 


1.  A  center  of  gravity  offset  of  0.  042  inch. 
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2.  A  body  centerline  distorted  into  an  arc  of  a 

circle.  The  slope  of  the  centerline  at  the  body 
nose  and  base  differ  by  the  angle  A0. 

As  a  function  of  A0,  assess  the  probability  of  encountering 
spin  through  zero  roll  rate,  and  estimate  the  dispersion 
that  results  if  spin  through  zero  roll  rate  occurs.  Neglect 
the  possibility  of  encountering  roll  lock-in  at  negative  roll 
rate.  Use  the  1962  Standard  Atmosphere  with  initial  con¬ 
ditions,  pg  ■  1000°/ sec,  VE  =  20  000  ft/sec,  and  ®  -30° 

From  Eq.  (2-35),  Cm  =  0.  00B  A0.  From  Eq. 
(2-27):  ° 


a 

o 


57.  3 


(0.  008A8) 
2(0,  114) 


■  2A0 


where  A0  and  are  in  degrees,  The  altitude  (in  terms 
of  K)  at  which  the  roll  rate  becomes  zero  is  given  by  Eq. 
(4.5-94).  Substituting  for  the  given  terms: 


-K/2  , 

e  =1 


(0.104X0.070) 

2(O.OOl)(^|l)|Aesin0o 


0.  36 
A0  sin  (4 

o 


At  sea  level  K  =  Kg>  r  =  2116/1000  (0.  5)  =  4.  23.  For 
zero  roll  rate  at  sea  level: 


A  0  sin  0  =  - """‘TTTa  =  41°  * 

o  ,  -2,115 

1  -  e 


Since  0O  may  have  any  value  from  0°  to  360°  and 
assuming  no  correlation  between  the  two  types  of  asym¬ 
metries,  the  probability  of  encountering  zero  roll  rate 
during  reentry  is: 
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A0 

P  “165 

where  A0O  Is  the  range  in  values  of  0Q  for  a  given  A0  such 
that 


A0  sin  0 

0 

A  0 

a  0.41  . 

sin  0 

0 

A  0 

0 

P 

0.41 

1 

0 

0 

0.  50 

0.  82  to  1 

70 

0.  195 

0.  60 

0.  683  to  1 

94 

0.  261 

0.  70 

0.  585  to  1 

108 

0.  300 

0.  80 

0.  512  to  1 

118 

0.  328 

1.0 

0.  41  to  1 

132 

0.  367 

2.  0 

0.  205  to  1 

156 

0.  434 

3.  0 

0. 137  to  1 

164 

0.  456 

The  probability  of  encountering  zero  roll  rate  Is 
shown  as  a  function  of  A 6  in  Fig.  5-6.  The  altitude,  hQ, 
at  which  zero  roll  rate  occurs  is  an  important  factor  in 
the  calculation  of  dispersion.  For  A0  a  0.  41,  hQ  may 
be  any  value  from  sea  level  to  some  upper  limit  obtained 
when  sin  0O  =  1  or 

-K/2  ,  0.36 

0  H  1  ■  aaaaaa|AB 

1  A0 

The  upper  limit  to  h0  is  shown  as  a  function  of  A0  in  Fig. 
5-7. 


The  dispersion  that  results  when  spin  through  zero 
roll  rate  occur^  may  be  computed  using  Eq.  (5-20).  For 
a  given  A0(or?o),  the  dispersion  may  be  any  value  from 
0  to  some  maximum  value  depending  upon  hQ  which,  in 
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turn,  depends  upon  0O.  For  low  values  of  A 8,  the  maxi¬ 
mum  value  of  E  (Eq.  (5-21)  and  Fig.  5-3)  correspond  to 
the  highest  value  of  hc  (0O  =  908).  However  for  the  larger 
values  of  A0,  the  maximum  value  of  E  for  this  problem 
(Kg.  l,  s  4.  23)  occurs  at  hG  a*  27  000  feet.  Using  hD  data 
given  in  Fig.  5-7  and  the  E  values  given  ;n  Fig.  5-3, 
Emax  for  various  values  of  A 6  are  taoulatud  below. 


AQ 

h  at  E 
o  max 

^max 

A8  E 

max 

0.  41 

0 

0 

0 

0.  5 

13  000 

8  600 

4  300 

0.  6 

21  000 

10  800 

6  480 

0.  7 

27  000 

11  300 

7  920 

0.  8 

27  000 

11  300 

9  050 

1.0 

27  000 

11  300 

11  300 

2.  0 

27  000 

11  300 

22  600 

3.  0 

27  000 

11  300 

33  900 

Using  Eq.  (5-20)  with  <*0  =  2  A8: 

/  2 

A 

-  1  49  (2A0) 

20  000  x 

2116  \  0,  1  04 

Z  E 

"  1,49  57.3  J 
max  \ 

1000  x  23  000 

1000  „  ,,n2 

*57.3  (1,2> 

max 

flR 

max 

1.  22A8  E 

max 

♦ 

The  values  of  6^ 
values  of  Emax, 

may  be  computed  using  the  listed 

and  the  results  are  shown  in  Fig.  5-8. 

The  impact  may  be  anywhere  on  an  ellipse  having 
a  semimajor  axis  of  any  value  from  zero  up  to  the  values 
shown  in  Fig.  5-8.  The  major  axis  is  along  the  trajectory. 
The  semiminor  axis  is  2  (see  Eq.  (5-11)). 
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The  magnitude  of  the  dispersion  is  highly  dependent 
upon  0O.  In  the  previous  discussion  we  considered  only 
the  maximum  effect.  The  probability  of  encountering  a 
given  magnitude  for  the  major  axis  of  the  dispersion 
ellipse  may  be  obtained  by  plotting  versus  0Q  for  vari¬ 
ous  values  of  A0as  shown  In  Fig.  5-9.  The  dispersions 
for  values  of  0O  >  90°  are  not  shown  since  is  symmetri¬ 
cal  about  0O  ■  90°.  The  probability  of  encountering  or 
exceeding  a  given  value  of  for  a  given  A0  is  obtained 
from  the  ratio  A0o/36O  where  A0O  is  the  range  in  values 
of  0O  for  which  equals  or  exceeds  the  specified  value. 
The_ probability  plot  is  shown  in  Fig,  5-10.  The  values 
of  P  shown  for  =  0  are  the  probabilities  of  encounter¬ 
ing  zero  roll  rate  shown  in  Fig.  5-6.  As  an  example  of 
the  Interpretation  of  this  figure,  for  A©  «  0.  5°  there  is  a 
19%  probability  that  zero  roll  rate  will  be  encountered; 
there  is  a  16%  probability  that  flo  a  2500  feet;  the  maxi¬ 
mum  possible  dispersion  is  5300  feet  (the  values  of  at 
P  =  0  are  the  values  shown  in  Fig.  5-8). 

Note  that  the  dispersion  that  may  be  encountered 
if  the  missile  spins  through  zero  roll  rate  may  be  at 
least  an  order  of  magnitude  greater  than  the  dispersions 
considered  in  the  previous  problems,  For  example,  the 
A  6  s  0.  5°  asymmetry  corresponds  to  a  1°  trim  angle  of 
attack.  It  was  shown  in  Example  3  that  if  the  missile 
does  not  encounter  zero  roll  rate  the  resulting  dispersion 
is  about  36  feet  for  a0  =  1°.  The  spin  through  zero  roll 
rate  phenomenon  is  a  serious  problem  to  the  designer  of 
reentry  vehicles  that  require  good  Impact  accuracy. 
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DISPERSION  RESULTING  FROM  WIND  AND  DEVIATION  IN  DENSITY 


Fig.  5-5  DISPERSION  RESULTING  F 
HIGH  ALTITUDE 


I 


MAXIMUM  ALTITUDE  FOR  ZERO  ROLL  RATE 
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Fig.  5-10  DISPERSION  PROBABILITY 
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SUMMARY 


The  discussion  of  the  motion  of  ballistic  missiles 
would  be  incomplete  without  some  comment  on  the  "work 
horse"  of  all  trajectory  analysts  -  trajectory  simulations, 
It  is  beyond  the  scope  of  this  report  to  discuss  any  simula¬ 
tion  in  detail.  However,  for  the  uninitiated,  a  few  brief 
comments  are  presented  regarding  the  basic  ingredients 
of  all  simulations,  the  relative  operational  cost  of  several 
types  of  simulations,  and  some  characteristics  of  a  six- 
degree-of-freedom  simulation  currently  in  use  at  APL. 
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A  trajectory  simulation  is  a  computer  program  by 
which  the  time  history  of  the  vehicle  motion  may  be  deter¬ 
mined.  Given  a  set  of  initial  conditions  and  the  particular 
quantities  for  which  a  time  history  Is  desired  (outputs), 
the  reentry  body  simulation  consists  of  five  major  parts 
(see  sketch,  page  328): 

1.  Equations  of  motion, 

2.  Earth  characteristics, 

3.  Atmospheric  characteristics, 

4.  Mass  characteristics, 

5.  Aerodynamic  characteristics, 

Each  of  the  major  parts  may  be  very  simple  or  very  com¬ 
plex.  The  equations  given  in  Section  4.  3  provide  the  basis 
for  a  very  simple  simulation  in  which  the  equations  of 
motion  are  reduced  to  a  single  degree  of  freedom  (motion 
along  a  constant  flight  path  angle),  the  earth  is  flat  and 
nonrotating,  the  acceleration  of  gravity  is  zero,  the  atmo¬ 
sphere  obeys  the  hydrostatic  equation,  the  wind  is  zero, 
and  the  vehicle  mass  and  aerodynamic  characteristics 
are  defined  by  a  single  parameter  (0).  However,  the  use¬ 
fulness  of  this  simulation  is  limited  to  those  studies  for 
which  approximate  time  histories  of  a  very  few  trajectory 
parameters  are  sufficient.  For  many  types  of  work  this 
simple  simulation  is  not  adequate. 

Increasing  the  complexity  (and  cost)  over  the 
one-degree-of-freedom  (1  DOF)  problem,  a  three- 
degree-of-freedom  (3DOF)  trajectory  simulation  may  be 
used.  Usually  the  3DOF  designation  refers  to  degrees 
of  freedom  in  the  three  orthogonal  linear  dimensions.  In 
this  case  the  simulation  is  also  called  a  "point  mass" 
simulation.  The  only  mass  and  aerodynamic  character¬ 
istics  used  are  the  body  weight  and  axial  force  character¬ 
istics.  Any  atmosphere  and  earth  model  may  be  used. 
This  simulation  is  reasonably  uncomplicated  but  has 
sufficient  accuracy  for  most  types  of  flight  test  analyses, 
for  defining  targeting  data,  and  for  evaluating  moBt  types 
of  range  partials  (sensitivity  of  impact  dispersion  to 
various  anomalies). 
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For  evaluating  the  detailed  dynamic  behavior  of 
missile  motion  and  for  calculating  precise  Impact  loca¬ 
tions,  a  slx-degree-of-freedom  (6DOF,  three  linear  and 
three  rotational)  program  Is  required.  In  this  simulation, 
the  body  mass  characteristics  are  defined  by  weight, 
center  of  gravity  location  (specified  by  three  coordinates), 
moments  of  inertia,  and  products  of  Inertia.  The  aero¬ 
dynamic  terms  Include  the  axial  force,  normal  force, 
center  of  pressure  location,  pitch  (or  yaw)  damping,  roll 
damping,  and  asymmetric  force  and  moment  termB  as  re¬ 
quired  for  a  specific  study.  This  type  of  simulation  Is 
the  only  one  (of  the  ones  discussed)  that  accurately  accounts 
for  angle  of  attack  effects,  Any  atmosphere  and  earth 
model  may  be  used. 

There  are  many  modifications  to  these  thrtee 
basic  simulations.  For  a  given  study  the  analyst  will 
select  the  type  of  simulation  based  on  a  trade-off  between 
accuracy  and  cost.  For  a  typical  reentry  trajectory,  the 
approximate  machine  cost  of  running  the  three  simula¬ 
tions  discussed  above  Is  as  follows: 

1DOF  Negligible, 

3DOF  $1  per  trajectory, 

0DOF  $30  per  trajectory, 

As  an  Illustration  of  a  typical  6DOF  reentry  body 
simulation,  one  of  the  simulations  currently  In  use  at 
Al'L  is  described  briefly. 

6. 1  Initial  Conditions 


1.  Geometric  altitude, 

2.  Missile  velocity  and  flight  path  angle  relative 
to  rotating  earth, 

3.  a  and  p  components  of  a  (see  Fig.  4-11), 

4.  Initial  roll  orientation  of  the  body  axes  with 
respect  to  the  inertial  axes, 

5.  Body  rates  (roll,  pitch,  yaw). 


-  329  - 


THC  JOHNS  HOPKINS  UNIVIMITV 

APPLIED  PHYSICS  LABORATORY 
•u-vt*  SMimo  maptl*no 


6.  2  Missile  Mass  Characteristics  > 


1,  Weight, 

2,  X,  Y,  Z  coordinates  of  the  center  of  gravity, 

3,  Moments  of  inertia  (about  X,  Y,  Z  axes), 

4,  Products  of  Inertia  (nbout  X,  Y,  Z  axes). 

Provision  is  made  for  two  sets  of  characteristics 
so  that  the  trajectory  for  a  two -stage  reentry  body  may 
be  computed,  Provision  is  also  made  for  varying  the 
weight  and  the  two  lateral  coordinates  of  the  center  of 
gravity  as  a  function  of  altitude,  This  option  is  used  for 
studies  in  which  body  shape  changes  as  a  result  of  aero¬ 
dynamic  heating, 

6.  3  Aerodynamic  Characteristics 

Some  of  the  aerodynamic  data  are  in  an  aerody¬ 
namic  subroutine  of  the  program  and  some  are  inputs, 

The  subroutine  provides  the  axial  force  coefficient,  nor¬ 
mal  force  coefficient,  center  of  pressure  locatLon,  pitch 
(or  yaw)  moment  damping  coefficient,  and  roll  moment 
damping  coefficient.  The  axial  force  is  a  function  of  Mach 
number,  angle  of  attack,  altitude,  and  velocity,  The  cen¬ 
ter  of  pressure,  pitch  damping,  and  normal  force  data 
are  functions  of  Mach  number  and  angle  of  attack.  The 
roll  damping  coefficient  is  a  function  of  velocity  and  alti¬ 
tude.  Provision  Is  made  for  using  two  sets  of  data  corre¬ 
sponding  to  the  two  sets  of  mass  data. 

The  aerodynamic  inputs  include  the  asymmetric 
pitching,  yawing,  and  rolling  moment  coefficients  as  a 
function  of  altitude  and  multiplying  factors  as  a  function 
of  altitude  for  varying  the  aerodynamic  data  Included  in 
the  aerodynamic  subroutine, 
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6.4  Atmosphere  Characteristics 

The  1962  Standard  Atmosphere  is  built  into  the 
simulation  but  any  variation  of  density,  temperature, 
wind,  and  wind  direction  with  altitude  may  be  used. 


6.6  Earth  Model 

The  WGS/60  ellipsoidal  rotating  earth  model  is 

used. 


6.  6  Equations  of  Motion 


The  six  equations  of  motion  (in  body  axes)  used 
are  the  three  rotational  degrees  of  freedom  given  In  Eqs. 
(4.5-1),  (4.5-2),  and  (4.  5-3),  and  the  three  linear  de¬ 
grees  of  freedom  given  in  Eqs.  (4.4-4),  (4.4-5),  and 
(4  4-6).  The  aerodynamic  forces  and  moments  are  com¬ 
puted  in  the  body  axis  system.  Accelerations  are  then 
computed  in  the  inertial  axes,  and  velocities  and  trans 
lations  are  computed  by  Integration. 


6.  7  Output 

Various  output  quantities  are  available.  The  out¬ 
put  format  currently  programmed  provides  the  icllowlng 
time  histories: 


1.  Three  components  of  acceleration  (body  axes), 

2.  Total  angle  of  attack, 

3.  Pitch,  yaw,  and  roll  rates  (body  axes), 

4.  Mach  number, 

5.  Velocity  (relative  to  rotating  earth), 

6.  Dynamic  pressure, 

7.  Flight  path  angle  (relative  t.o  rotating  earth), 
B.  Altitude  (geometric), 

9.  Downrange  and  crossrange  coordinates  of  the 
trajectory. 
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The  final  latitude  and  longitude  are  also  listed. 

Several  options  are  available  regarding  the  print¬ 
out  time  interval.  The  Integration  time  step  Is  variable 
(with  a  minimum  of  0,  0001  second),  and  readouts  may  be 
obtained  at  every  time  step,  any  multiple  of  the  time  step, 
every  second,  or  any  multiple  of  a  second. 

For  a  3DOF  simulation  only  the  first  and  second 
Initial  con  ns,  the  first  mass  characteristic,  the  axial 
force  coel  ■■■.■  , it  (as  a  function  of  Mach  number  and  alti¬ 
tude  only),  and  the  three  linear  degrees  of  freedom  are 
used.  Hence  the  computer  cost  Is  lowered  by  an  order  of 
magnitude  compared  with  the  cost  of  using  the  6DOF  pro¬ 
gram. 
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7.  FLIGHT  DYNAMICS  DATA  ANALYSIS 
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SYMBOLS  FOR  SECTION  7 


Symbol  Definition 

A  axial  force 

A  amplification  factor 

a  semimajor  axis  of  the  dispersion 

ellipse 

b  semlmlnor  axis  of  the  dispersion 

ellipse 

axial  force  coefficient!  A/qS 

normal  force  coefficient!  N/qS 

C*,  slope  of  the  normal  force  coefficient, 

<*  acN/aa 

C  pitch  damping  coefficient,  &Cm/&(qd/V) 

mq  m 

D  damping  parameter  (see  Fig.  7-11) 

F  resultant  transverse  force 

g  resultant  transverse  acceleration, 

/  2  “  2 
\*Y  +  SZ 

g  longitudinal  acceleration 

gY  lateral  acceleration 

g  normal  acceleration 

h  altitude 

I  roll  inertia 

1^,  pitch  inertia 

I<  parameter  defined  in  Eq,  (4,3-6) 


Typical  Units 
pounds 


feet 

feet 


per  radian 


pounds 


g 

g 

g 

g 

feet 

slug-ft2 

slug-ft2 
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Symbol 


Definition 


Typical  Units 


q  or  q 


X.Y.Z 


mass 

normal  force 
atmospheric  pressure 
roll  rate 
pitch  rate 
yaw  rate 

dynamic  pressure 
reference  area 
velocity 
we  Ight 

body  coordinates  with  origin  at  center 
of  gravity.  X  coordinate  Is  parallel 
to  the  body  centerline,  positive  for¬ 
ward;  Y  coordinate  Is  perpendicular 
to  body  centerline,  positive  to  the 
right  looking  forward;  Z  coordinate 
forma  a  right-hand  system  with  X 
and  Y,  positive  direction  Is  down 
when  looking  forward, 

distance  from  nose  to  center  of 
gravity 

distance  from  nose  to  center  of 
pressure 

angle  of  attack  In  X-Z  plane 
angle  of  yaw  In  X-Y  plane 
ballistic  coefficient,  W/CAS 
total  trim  angle  of  attack 
flight  path  angle 
»  X  X 

C,  p,  Ca  g, 

change  in  trim  maneuver  plane  due 
to  roll  rate 

resonance  index  (see  Fig,  7-11) 


slugs 
pounds 
lb/ft2 
deg/ sec 


,  rad/sec 
lb /ft2 


ft/sec 

pounds 


degrees 
degrees 
lb /ft2 
degrees 
degrees 


degrees 
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Symbol 


Definition 


Typical  Units 


orientation  of  trim  maneuver 
plane,  positive  measured  clock¬ 
wise  from  Y  axis  looking  forward  degrees 

aerodynamic  frequency  (see  Fig.  7-10)  deg/sec 


Subscripts 

c<  p,  center  of  pressure 

c,  g,  center  of  gravity 

E  conditions  at  beginning  of  reentry  (400  000  feet) 

o  conditions  when  p  ■  0 

X,  Yj  Z  component  in  the  X,  Y,  or  Z  direction,  respectively 

A  dot  over  a  symbol  means  the  first  derivative  with  respect  to  time. 
Two  dots  mean  the  second  derivative  with  respect  to  *lme. 
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SUMMARY 


A  detailed  discussion  is  presented  ol  the  proce¬ 
dures  currently  used  at  APL  in  the  analysis  of  vehicle 
motion  during  reentry.  This  discussion  includes  com¬ 
ments  on: 

1.  The  basic  data  available, 

2.  Basic  data  processing, 

3.  Conversion  to  engineering  quantities, 

4.  Special  analyses  for  dispersion  and  "roll 
lock-in.  " 

Examples  are  given  of: 

1,  Typical  flight  test  records, 

2.  A  method  of  extracting  range  time  from 
these  records, 

3.  Typical  body  rate  and  acceleration  traces, 

4,  Work  sheets  for  computing  angle  of  attack, 
aerodynamic  pitch  frequency,  and  several 
quantities  related  to  roll  resonance. 
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7.  1  Available  Data 


The  i'lii.;'nt  data  most  commonly  available  for  dy¬ 
namics  analysis  arc  the  pitch,  yaw,  and  roll  fates  and  the 
normal,  la  tern  t,  and  longitudinal  acccleratim-s  a*  the  re¬ 
entry  body  t  enter  of  gravits,  Ip.  nddi.1  ion,  the  went,  her 
data  m  tlf  ivirlrv  are  required  lor  a  detailed  re¬ 

entry  aispersiun  analysis  These  data  include  the  atmo¬ 
spheric  pressure  and  temperature,  nrJ  the  wind  speed 
and  direction  as  a  function  of  altitude,  jf  course,  the  mass 
characteristics  of  the  reentry  body  are  required.  These 
include  the  weight,  center  of  gravity  location  (three  coor¬ 
dinates),  and  the  moments  and  products  of  inertia.  The 
initial  conditions  of  the  reentry  trajectory  arc  also  re¬ 
quired.  These  conditions  are  frequently  specified  at 
400  000  lent  altitude,  which  is  an  altitude  well  above  the 
sensible  atmosphere,  and  include  the  velocity,  flight  path 
angle,  latitude  and  longitude,  flight  path  azimuth,  and  roll 
rate.  Additional  Initial  conditions  must  be  specified  If 
the  reentry  body  motion  at  very  high  altitudes  is  being 
examined  or  If  the  precise  impact  point  must  be  deter¬ 
mined,  These  quantities  include  the  initial  angle  of  attack, 
side  slip  angle,  roll  ang1  ,  pitch  rate,  and  yaw  rate. 

Although  in  general  all  of  these  data  are  required 
for  a  precise  analysis  of  the  reentry  dynamics,  it  occa¬ 
sionally  happens  that  some  part  of  the  data  is  not  avail¬ 
able.  When  this  situation  arises,  the  analysis  sometimes 
may  be  continued  without  seriously  compromising  its 
accu.acy  by  substituting  nominal  values  for  the  missing 
data.  As  a  i  example,  the  weather  data  may  be  unavaila¬ 
ble,  but  it  may  be  possible  to  substitute  weather  data 
(except  for  winds)  that  were  determined  during  previous 
tests  in  that  part  of  the  world  (and  during  that  time  of  the 
year)  and  still  obtain  satisfactory  results.  Or  it  may  be 
possible  to  cnoose  one  of  the  available  standard  atmo¬ 
spheres  and  obtain  a  satisfactory  result. 

Should  the  acceleration  at  the  reentry  body  center 
of  gravity  be  unavailable,  accelerations  measured  at  other 
location?  may  be  used  to  calculate  the  acceleration  at  the 
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center  of  gravity.  An  accelerometer  positioned  at  a  point 
away  from  the  center  of  gravity  will  be  influenced  by  the 
body  angular  rates  and  accelerations;  the  data  from  such 
an  accelerometer  may  be  corrected  to  yield  the  .accelera¬ 
tion  at  the  center  of  gravity  by  means  of  the  following 
equations: 


gX 


Z 


x  -  ^ 

measured  g  32.  2 

Y  --iL 

m ensured  g  32,  2 

Z  +_£_ 

"measured  g  3  2.  2 

7.  2  Data  Sources 


+  rp)  -  -  H  +  “ <q2  +  r2)  O-U 

(rq  '  <b)  +  32^2(r^  +  p2)  '  ST2{b  +  Pq)  (?"2) 

(p2  +  q2)  -  +  qr)  -  ^  <7-3) 


Redundant  receiving  stations  are  frequently  used 
to  ensure  reception  of  telemetry  from  a  reentry  body. 
Ground  stations,  shipboard  stations,  and  airborne  stations 
may  be  used.  The  quality  of  the  data  received  at  any  one 
of  these  stations  may  vary  widely  depending  upon  the  geom¬ 
etry  of  the  trajectory  relative  to  the  station  location.  As 
is  now  comnionly  known,  a  body  reentering  the  atmosphere 
develops  a  plasma  sheath  that  impedes  RF  transmission. 
The  quality  of  the  signal  received  through  this  sheath 
varies  greatly  with  the  aspect  of  the  body  relative  to  the 
station.  Reentry  bodies  with  a  low  ballistic  coefficient 
(essentially  a  low  weight  to  drag  ratio)  may  have  a  plasma 
sheath  of  such  impedance  that  transmission  of  the  re¬ 
entry  data  acquired  during  this  "plasma  blackout"  must 
be  delayed. 

It  may  be  necc.;sary  to  examine  the  signal  re¬ 
ceived  by  several  stations  in  order  to  acquire  the  data 
needed  for  a  reentry  analysis. 

7.  3  Data  Format 

Flight  test  data,  as  currently  processed  at  APL, 
are  in  the  form  of  either  DITAR  records  or  DITAP  records. 
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In  both  cnsea  the  flight  functions  are  digitized  by  dividing 
the  calibrated  range  of  the  sensing  instrument  into  255  in¬ 
tervals.  A  value  of  the  function  may  then  be  represented 
by  a  number  of  counts  or  bits  ranging  from  0  to  255.  In 
the  case  of  the  DITAP  records,  the  count  level  is  plotted 
as  a  function  of  time,  and  the  record  is  an  analog  display 
of  the  function.  An  example  of  the  data  format  is  shown 
in  Fig.  7-1.  Timing  marks  are  applied  to  the  DITAP 
records  according  to  the  scheme  in  Fig.  7-2.  In  the  case 
of  the  DITAR  records,  the  bits  are  plotted  in  a  condensed 
form  that  permits  many  telemetry  functions  to  be  dis¬ 
played  on  one  record.  Two  traces  are  required  for  each 
function,  one  trace  to  count  from  0  to  15  and  the  second 
trace  to  count  In  increments  of  1  6  from  0  to  240.  By  add¬ 
ing  the  counts  from  both  traces,  any  number  from  0  to  255 
can  be  represented.  An  example  of  the  data  format  for 
DITAR  records  Is  shown  in  Fig.  7-3.  An  example  of  the 
timing  marks  on  the  DITAR  records  is  shown  in  Fig.  7-4. 
The  series  of  marks  on  the  margin  of  the  record  may  be 
interpreted  as  time  of  day. 

The  DITAR  data  format  presents  the  data  very  com 
pactly,  and  although  a  two  point  calibration  is  attached,  it 
is  sometimes  difficult  to  establish  the  zero  point  from 
which  one  should  begin  counting  the  bits.  From  certain 
physical  considerations,  a  value  for  one  point  on  the  flight 
records  can  sometimes  be  established,  and  this  point  can 
be  used  to  confirm  that  the  correct  zero  bit  level  has  been 
chosen, 


The  following  is  an  example  of  these  techniques 
for  confirming  the  bit  level.  The  pitch  and  yaw  rate  gyro 
data,  before  reentry,  will  have  a  sinusoidal  shape,  Ex¬ 
cept  for  the  effect  of  principal  axis  misalignment,  which 
is  usually  small,  the  sine  wave  will  be  centered  about 
zero  rate.  From  the  calibration  tables  used  to  convert 
to  engineering  units,  the  number  of  counts  for  zero  rate 
can  be  determined,  and  this  then  fixes  one  point  on  the 
rate  gyro  data  curve.  Subsequent  values  can  be  deter¬ 
mined  simply  by  counting  bits.  Furthermore,  the  fre¬ 
quency  of  the  pitch  and  yaw  rate  gyro  sine  wave  is  related 
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to  the  roll  rate  by  means  of  Eq.  (4.  4-21)  when  the  body 
Is  unaffected  by  the  atmosphere.  Therefore  the  exoatmo- 
spheric  roll  rate  can  be  fixed  by  determining  the  frequency 
of  the  pitch  rate  gyro  output,  and  subsequent  values  can 
bo  determined  by  counting.  The  count  level  for  the  accel¬ 
erations  may  be  established  by  noting  that  the  exoatmo- 
spheric  accelerations  are  zero.  The  bit  level,  therefore, 
must  be  the  one  that  corresponds  to  zero  acceleration. 
Subsequent  bit  levels  can  be  established  by  counting. 

In  the  case  of  the  longitudinal  acceleration  data, 
advantage  can  also  be  taken  of  the  two  ranges  of  instru¬ 
ments  that  are  frequently  used.  One  accelerometer  is 
sensitive  enough  to  dotect  the  low  level  of  acceleration  at 
the  beginning  of  reentry,  and  the  second  is  sturdy  enough 
to  measure  the  peak  g.  The  less  sensitive  instrument 
may  be  expected  to  go  off  scale  at  some  point  in  the  re¬ 
entry.  The  count  level  is  255  at  the  point  where  the  range 
of  the  instrument  was  just  exceeded.  The  acceleration  at 
this  point  may  be  determined  easily  from  the  calibration 
and,  of  course,  the  less  sensitive  instrument  should  also 
be  recording  this  level  of  acceleration  so  that,  by  means 
of  the  calibration,  the  count  level  for  the  less  sensitive 
instrument  is  established. 

Future  plans  call  for  a  computerized  conversion 
of  the  data  from  counts  to  engineering  units  as  well  as 
for  machine  plotting  of  the  data  in  engineering  units. 

The  flight  data  most  commonly  used  for  dynamics 
analysis  are  the  roll  rate  and  the  three  accelerations. 
Typical  examples  of  these  functions  (as  well  as  the  pitch 
rate)  are  shown  in  Figs.  7-5  to  7-8. 

7.  4  Data  Processing 

Further  data  processing  depends  upon  a  knowledge 
of  the  flight  Mach  number  history.  The  flight  Mach  num¬ 
ber  could  be  calculated  based  on  the  longitudinal  decelera¬ 
tion  if  the  altitude  were  known;  however,  the  altitude 
history  generally  is  not  available.  The  recourse,  then, 
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is  to  determine  the  flight  Mach  number  from  a  computer 
simulation,  The  results  of  the  simulation  must  be  checked 
against  the  flight  data  to  ensure  an  adequate  simulation  of 
the  reentry  trajectory,  The  easiest  check  that  can  be 
made  is  a  comparison  of  the  longitudinal  acceleration 
history  as  predicted  by  the  simulation  with  the  flight  data 
results.  The  velocity  history  of  the  body  is  obtained  by 
integrating  the  acceleration  history.  If  the  simulated 
longitudinal  acceleration  history  is  verified  by  the  flight 
data,  and  the  transverse  accelerations  are  small  enough 
that  the  longitudinal  acceleration  represents  the  total  ac¬ 
celeration,  then  the  simulated  velocity  history  (hence 
Mach  number  history)  will  be  correct.  For  the  purpose 
of  matching  the  simulation  results  to  the  flight  accelera¬ 
tion,  it  is  convenient  to  compare  the  results  based  on  the 
time  after  the  occurrence  of  the  peak  g.  The  time  from 
peak  g  to  impact  is  a  good  check  on  the  calculated  Mach 
number  history. 

If  the  acceleration  from  a  nominal  simulation  does 
not  agree  with  flight  results,  the  factors  in  the  flight  that 
are  not  nominal  (such  as  the  aerodynamic  asymmetries) 
must  be  included  in  the  simulation  in  order  to  produce  a 
match  between  the  flight  results  and  the  simulation.  Occa¬ 
sionally  it  is  necessary  to  modify  some  of  the  aerodynamic 
coefficients  in  order  to  produce  an  acceptable  match. 


At  points  where  the  altitude  is  known  (generally  the 
only  point  is  at  Impact)  the  Mach  number  may  be  calculated 
based  on  the  following  equations. 


or 


By  definition  of  the  axial  force  coefficient: 


C^qS  =  A 


(7-4) 


C^qS 

w 


A 

W'  "gx ' 


(7-5) 
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We  mny  Introduce  the  definition  of  dynamic  pressure  to 
give: 


CA(y/2)PM  S 

- - W - *  'g? 


so  that 


C  .  M‘ 
A 


"gX  W 

WTW s 


(7-0) 


(7-7) 


The  axial  force  coefficient,  C^,  is  principally  a  function 
of  Mach  number  (and  also  a  slowly  varying  function  of 
angle  of  attack  and  altitude).  For  a  particular  angle  of 
attack  and  altitude,  we  can  plot  versus  Mach  num¬ 

ber  based  on  predicted  aerodynamic  coefficients.  We  may 
then  use  flight  data  to  calculate  a  value  of  C^M^  from  Eq. 
(7-7),  enter  a  plot  of  versus  Mach  number,  and 

determine  the  Mach  number.  As  mentioned  previously, 
this  scheme  can  usually  be  applied  only  at  the  impact 
point  since  the  altitude  (which  determines  P  and  has  some 
effect  on  C^)  is  not  known  at  other  points  along  the  trajec¬ 
tory. 


With  the  Mach  number  history  established  by  match¬ 
ing  the  simulation  longitudinal  acceleration  to  the  flight 
results,  the  angle  of  attack  may  be  computed  as  follows. 

The  maneuver  acceleration  is  related  to  the  trans¬ 
verse  force  by  Newton's  second  law: 

~  =  g  where  g  -  y[gy2  +  gy2  .  (7-B) 

Expressing  the  transverse  force  in  terms  of  the  normal 
force  coefficient,  we  have: 


cN  *qs 
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From  a  similar  development  considering  the  longitudinal 
acceleration  we  have: 

CAqS 

W  =  'gX  '  (7-10) 


The  above  equations  are  combined  to  give: 


-*X  CN 

ft 


(7-11) 


The  use  of  Eq.  (7-11)  with  the  flight  values  for  the 
accelerations  and  the  established  (wind  tunnel  test,  etc.  ) 
values  for  the  aerodynamic  coefficients  permits  deter¬ 
mination  of  trim  angle  of  attack  as  a  function  of  time. 


For  routine  flight  teat  analysis,  the  envelopes  of 
the  normal  and  lateral  accelerations  are  usually  all  that  is 
extracted  from  the  flight  records,  and  the  mean  value  of 
the  envelope  at  a  particular  point  In  time  is  used  to  calcu¬ 
late  the  trim  angle  of  attack.  A  sample  work  sheet  that 
shows  a  convenient  technique  for  calculating  trim  angle  of 
attack  Is  shown  In  Fig.  7-9. 


An  alternate  technique  for  computing  angle  of  attack 
is  based  on  the  rate  gyro  data.  For  small  angles  of  attack: 


a. 


(7-12) 


0 


-a 


a 


p 


(7-13) 

(7-14) 


For  the  times  of  Interest,  A  and  $  are  frequently 
negligible  so  that  a  and  0  may  be  obtained  directly  from 
rate  gyro  data.  The  significant  advantage  of  this  tech¬ 
nique  —  that  neither  the  Mach  number  history  nor  the 
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aerodynamic  coefficients  must,  be  known  -  is  obvious. 

The  drawback  is  the  required  accuracy  of  the  rate  gyro 
data.  Rate  gyros  hnve  a  tendency  to  drift  so  that  the  rates 
indicated  may  be  somewhat  in  error.  At  low  angles  of 
attack  in  particular  this  bias  may  introduce  a  considerable 
error  into  results  obtained  with  the  above  equation, 

The  trim  maneuver  plane  (i.  e,  ,  the  plane  of  the 
transverse  force  acting  on  the  body)  Is  simply  calculated 
from: 


|L  =  tan  — * i 

8-v 


(7-15) 


The  aerodynamic  frequency  is  computed  from  Eq. 
(4.4-30): 


uj  , 


CN  AXqS 
O' 


I* 


rad/sec  . 


(7-16) 


Note  that  C must  be  in  "per  radian"  units.  We  may  re¬ 
write  this  expression  in  terms  of  the  flight  dnta  by  sub¬ 
stituting  for  qS  from  Eq.  (7-10): 


-C 


to. 


N«  *Xgx 


w 


(7-17) 


Flight,  values  of  g^  and  the  established  values  for  the  aero¬ 
dynamic  coefficients  permit  calculation  of  the  aerodynamic 
frequency.  A  sample  work  sheet  which  describes  a  con¬ 
venient  format  for  calculating  u>a  l 8  shown  in  Fig,  7-10, 

Depending  upon  the  closeness  of  the  aerodynamic 
frequency  to  the  roll  rate,  the  trtm  angle  of  attack  may 
be  amplified  to  a  value  different  from  the  result  that  would 
be  attained  by  a  nonrolling  body,  as  has  been  discussed  in 


-  348  - 


fM|  JOHNS  HOSKINS  UNIVtNSITV 

applied  physics  laboratory 


li**«  W**YL*NB 


Section  4.  5.  For  some  purposes  In  reentry  flight  analysis, 
it  is  convenient  to  have  a  knowledge  of  the  amplification 
factor,  A  sample  work  sheet  that  Indicates  the  data  neces¬ 
sary  to  calculate  the  amplification  factor  is  shown  in  Fig. 
7-11.  The  ratio  of  roll  rate  to  aerodynamic  frequency  also 
affects  the  direction  of  the  trim  transverse  force.  A  tech¬ 
nique  for  calculating  the  change  in  direction  of  this  force 
A  it)  is  described  In  Fig,  7-12. 

7.  5  Data  Analysis 

A  convenient  technique  for  demonstrating  the  close¬ 
ness  of  the  reentry  body  to  resonance  is  to  plot  both  the 
roll  rate  and  the  aerodynamic  frequency  as  a  function  of 
time  on  the  same  graph.  As  discussed  in  Section  4.  5,  whan 
the  roll  rate  is  close  to  the  aerodynamic  frequency,  the 
body  Is  near  resonance.  Near  resonance  the  previously 
mentioned  amplification  factors  may  be  large,  and  large 
values  of  trim  angle  of  attack  may  develop,  It  is  possible 
that  the  large  transverse  forces  associated  with  resonance 
(in  combination  with  a  center  of  pressure /center  of  gravity 
offset)  may  cause  the  roll  rate  to  follow  the  aerodynamic 
frequency.  This  effect,  known  as  "roll  lock-in,  "  may  be 
easily  detected  from  the  plot  of  roll  rate  and  aerodynamic 
frequency  versus  time. 


Roll  lock-in  is  usually  considered  to  be  an  unde¬ 
sirable  phenomenon  because  of  the  large  lateral  loads, 
localized  heating,  and  high  roll  rate  associated  with  it 
(which  may  be  sufficient  to  cause  structural  damage  and 
which  will  cause  some  impact  dispersion  due  to  the  ab¬ 
normally  high  drag  encountered). 

Of  course,  the  roll  rate  may  vary  so  that  the  rate 
reaches  zero  (a  condition  that  usually  leads  to  large  im¬ 
pact  dispersion),  and  the  aforementioned  plot  of  roll  rate 
versus  aerodynamic  frequency  displays  this  condition 
also. 


A  technique  for  estimating  the  dispersion  that 
results  when  a  reentry  body  spins  through  zero  roll  rate 
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Is  described  In  Hof.  7-1.  The  semimajor  axis  of  the  dis¬ 
persion  ellipse  can  be  estimated  from: 


59.  1 

a  2 
sin  y 


o 


feet 


(7-18) 


and  the  semiminor  axis  Is; 

b  a  -a  sin  y  feet  . 

If  a  simulation  for  the  basic  trajectory  Is  available, 
y Q,  h  ,  and  V0  are  obtained  for  the  time  when  the  flight 
record  indicates  zero  roll  rate,  (However,  it  usually  Is 
not  necessary  to  simulate  the  roll  or  transverse  accelera¬ 
tion  behavior  in  this  simulation. )  Values  of  gD  and  f)D  are 
obtained  directly  from  the  telemetry  records,  If  a  simula¬ 
tion  is  not  available,  yQ,  hQ  and  VQ  may  be  estimated  as 
follows: 


1.  Assume  V  =  , 

O  a 


-P 


2.  Compute  K  - 


a  0  sin  y 


at  the  time  of  p  =  0 


using  Eq.  (4,  8-22)  and  the  g  telemetry  trace, 

A 

w 

3,  Fory  »y_,andd  -  ,  compute  P  and 

O  £j  C.  5  O 

thus  h  , 
o 

4.  Compute  V  using  Eq.  ( 4 .  3 - !5 ) . 
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Conversion  Equations 

5 

Degrees  Centigrade  ■  -  (  degrees  Fahrenheit  -  32) 
Degrees  Ranklne  =  degrees  Fahrenheit  +  460 
Degrees  Kelvin  =  degrees  Centigrade  +  273 


Time  {In  hours)  at  zero  meridian  ■  local  time  (In 

hours)  i  local  longitude  (In  degrees) 

1 5 

where 

West  longitude  Is  positive 
East  longitude  Is  negative 


Conversion  Constants 
1  radii n  »  57,  3° 


1  meter  ■  3.  28  feet 


1  nml  “  6080  feet 

3 

1  gram/cubic  centimeter  =  1,94  slugs/ft 

-  3  3 

1  kllogram/cubic  meter  *  1,94  x  10  1  slugs/ft 
1  millibar  =»  2,  09  lb/ft2 
1  knot  ■  1,  69  ft/ sec 
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Constants 

2 

Acceleration  of  gravity  at  sea  level  *  g  32. 17  ft/sec 
Ratio  of  specific  heats  =  V  =1.4 

2  2 

Gas  constant  for  dry  air  =  1716  ft  / sec.  -  degrees 

Rankine 

2  2 

Gas  constant  for  water  vapor  »  2759  ft  /sec  -  degrees 
Rankine 

7 

Radius  of  earth  =  R  «  3441  nml  =  2,09  x  10  feet 
8 

-4 

Rotational  velocity  of  earth  ■  us0  =  0*  729  x  10  rad /sec 
NaplerLan  base  =  e  =  2.  719 
rr  =3.142 
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A 


Acceleration,  Lateral 

a  convergence  —  nonrolling  missile  152 

—  rolling  missile  154 

Aerodynamic  Coefficients 

Asymmetric  moment  for  flap  on  a  cone 
Asymmetric  moment  for  a  distorted  cone 
Definitions 

Equations  for  a  cone  at  high  Mach 
numbers 


Aerodynamic  Forces 


Asymmetric 

24 

Axial 

13 

Drag 

21 

Lift 

21 

Normal 

13 

Aerodynamic  Moments 

Pitch 

25 

Pitch  damping 

15 

Roll  damping 

16 

Aerodynamic  Pitch  Frequency 

147 

Altitude 

Geometric 

53 

Geopotential 

53 

Amplification  Factor 

Angle  of  attack 

171 

Roll  acceleration 

181 

28 

20 

16,  25 
28 
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Angle  of  Attack 

Amplification  factor 
Convergence  -  nonrolling  vehicle 
-  rolling  vehicle 

Definition 

Trim 

Angular  Momentum,  Conservation  of 

Apogee 

Asymmetry 

Center  of  gravity  or  center  of  pressure 
offset 

Effect  on  roll  rate 
In  plane 

Moment  (couple) 

Moments  of  inertia,  unequal 
Out  of  plane 
Products  of  inertia 
Types 

Atmosphere 
Exponential 
Polar  Standard 
Tropical  Standard 
1962  Standard 

Axial  Force 

Azimuth,  Inertial 

B 


171 

148 

151 

13,155 

26 

81 

86 


174 

180 

177 

168 

217 

>77 

207 

167 


66 

66 

68,  69 

13 

103 


Ballistic  Coefficient 
Ballistic  Density 
Ballistic  Wind 
Barosphere 


117 

285 

283 

49 
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Boay  Rate 

Effect  of  product  of  Inertia  in  vacuum  208 

Transverse  140 

Effect  of  unequal  pitch  and  yaw  moment 

of  inertia  21  7 

Boundary  Layer  18 

C 

Center  of  Pressure  13 

Cone 

Aerodynamic  coefficients  23,  24,  29 

Space  140 

Constants  and  Conversion  Equations  367 

Continuum  Flow  20,  260 

Coriolis  Force  59 

D 

Damping 

Pitch  15,  24 

Roll  16,  24 

Deceleration,  Reentry  History  119,  120 

Density 

Ballistic  285 

Polar  Standard  Atmosphere  66 

Range  partial  for  285 

Tropical  Standard  Atmosphere  66 

Weighting  factor  for  2B5 

1962  Standard  Atmosphere  68,  69 
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Dispersion 

Axial  force  coefficient  errors  286 

Density  deviation  285 

Missile  weight  error  286 

Trim  angle  of  attack  -  rolling  missile  288 

—  nonrolling  missile  289 
Wind  283 

Drag  21 

Dynamic  Pressure 

Definition  17 

Reentry  history  119 

Dynamic  Stability  146 

E 

Energy  Equation,  Conservation  of  81 

Equations  of  Motion 

Six -degree -of -freedom 

—  symmetrical  missile  137 

—  asymmetrical  missile  168 

Exosphere  40 

F 

Flight  Path  Angle  81 

Flight  Path  Angle,  Inertial  103 

Flight  Test  Analysis  341 

Flight  Time 

Ballistic  trajectory  in  vacuum  84 

Reentry  history  11  6 

Free-Molecular  Flow  20,  260 
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Frequency 


Aerodynamic  or  weathercock 

147 

Body  pitch  -  In  vacuum 

139 

a 

Gravity 

Effect  on  ballistic  trajectory 

81 

Law  of 

81 

Variation  with  altitude 

68 

H 

Heat 

Absorbed  at  stagnation  point 

119 

Rate  at  stagnation  point 

119,  120 

Homosphere 

60 

Humidity,  Effect  on  Density 

56,  67 

Hydrostatic  Equilibrium  Equation 

51 

I 

Inertia 

Moment  of 

217 

Product  of 

207 

In-Plane  Asymmetry 

177 

Isobar 

59 

K 

Knudsen  Number 

19 

L 

Lateral  Acceleration 

152,  154 
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Lock  In 

Conditions  required  for 

188 

Definition 

186 

Effect  of  roll  damping 

198 

Effect  of  roll  torque 

198 

Longitudinal  Deceleration 

119,  i: 

M 

Mach  Number 

17 

Mean  Free  Path,  1962  Standard 

Atmosphere 

68 

Mesopause 

65 

Mesosphere 

65 

Minimum  Energy  Trajectory 

83 

Moisture,  Effect  on  Density 

56,  67 

Moment 

Asymmetric 

28,  29 

Pitch 

25 

Pitch  damping 

15 

Roll  damping 

16 

Moment  of  Inertia,  Unequal 

21  7 

Momentum,  Conservation  of  Angular 

81 

N 


Normal  Force 


13 


P 


Perfect  Gas  Law 


52 
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Pitch  Frequency,  Aerodynamic 

147 

Polar  Standard  Day 

66 

Pressure,  Dynamic 

17 

Pressure  Force,  Horizontal 

59 

Pressure,  1962  Standard  Day 

68 

Product  of  Inertia 

Criterion  for  lock  in 

215 

Definition 

207 

Effect  on  body  rate  history,  vacuum 

208 

Effect  on  trim  angle  of  attack 

211 

R 

Radiosonde  Observation  (RAOB) 

55 

Range  Partial 

Density 

285 

Wind 

283 

Range  Sensitivity  Factors 

87, 

93,  94 

Reentry 

Dynamic  pressure 

118, 

120 

Heat  absorbed 

119 

Heating  rate 

119, 

120 

Longitudinal  deceleration 

119, 

120 

Reynolds  number 

119, 

120 

Time 

118 

Velocity 

118 

Resonance,  Roll-Yaw 

Definition 

171 

Effect  on  roll  acceleration 

180 

Effect  on  trim  angle  of  attack 

171 

Effect  on  windward  meridian 

173 

First  and  second 

187 
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Reynolds  Number 


Definition 

18 

Reentry  history 

119,  120 

Rocket  Observation  (ROCOB) 

56 

Roll  Damping 

16 

Roll  Rate 

Effect  of  aerodynamic  asymmetry 

178 

Effect  of  center-of -gravity  offset 

175 

Effect  of  product  of  inertia 

213 

Effect  of  resonance 

181 

Effect  of  unequal  moments  of  Inertia 

219 

Equilibrium 

181 

S 

Scale  Height 

Definition 

55 

1962  Standard  Atmosphere 

68 

Second  Resonance 

187 

Simulation 

327 

Slip  Flow 

11,  260 

Space  Cone 

140 

Speed  of  Sound 

Definition 

81 

Polar  Atmosphere 

66 

Tropical  Atmosphere 

66 

1962  Standard  Atmosphere 

08 

Spin  Up,  Spin  Down 

187 

Standard  Day 

Polar 

66 

Tropical 

6° 

1962 

68,  69 
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Static  Margin 

14 

Static  Stability 

14 

Stratopause 

05 

Stratosphere 

65 

Sutherland's  Viscosity  Equation 

35 

T 

Temperature 

Polar  Standard 

Tropical  Standard 

1962  Standard 

60 

66 

66,  69 

Thermopause 

65 

Thermosphere 

65 

Time  History,  Reentry 

118 

Trajectory 

Minimum  Energy 

Simulation 

83 

327 

Transverse  Body  Rate 

140 

Tropical  Day 

66 

Tropopause 

65 

Troposphere 

65 

V 

Velocity,  Missile 

Inertial 

Minimum  Energy  Trajectory 
Reentry  history 

103 
B3,  91 
118 

-  379  - 


THK  JOHNS  HOI*fc INI  UNIVMflTV 

applied  physics  laboratory 

•ik-Vf*  IMiNB  MMIVUNO 


Viscosity 

Definition  1 8 

Sutherland's  equation  36 

1982  Standard  Atmosphere  68 

W 

Wind 

Ballistic  283 

Geostrophlc  60 

Range  partial  for  283 

Weighting  factor  for  282 
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